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Abstract

We consider a modification of the gamma distribution by adding a discrete measure
supported in the point z = 0. We study some properties of the polynomials orthogonal
with respect to such measures [1]. In particular, we deduce the second order differential
equation and the three term recurrence relation which such polynomials satisfy as well as,
for large n, the behaviour of their zeros.

§1 Introduction.

In 1940, H. L. Krall [14] obtained three new classes of polynomials orthogonal with respect
to measures which are not absolutely continuous with respect to the Lebesgue measure. In
fact, his study is related to an extension of the very well known characterization of classical
orthogonal polynomials by S. Bochner. This kind of measures was not considered in [22].

In the above mentioned paper by H. L. Krall, the resulting polynomials satisfy a fourth
order differential equation and the corresponding measures are, respectively,

1. Laguerre-type case: dp = e " dz+ Mé(x) M >0, supp i = IRT,

oz —1) n oz +1)

9 9 Oé>0, supp p = [_171]7

2. Legendre-type case: du = % dx 4+
3. Jacobi-type case: dp=(1—-2)"de+ Mé(z) a>-1, M >0, suppp=10,1].

A new approach to this subject was presented in [13].

The analysis of properties of polynomials orthogonal with respect to a perturbation of a
measure via the addition of mass points was introduced by P.Nevai [18] when asymptotic prop-
erties of the new polynomials have been considered. In particular, he proved the dependence
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of such properties in terms of the location of the mass points with respect to the support of
the measure. Particular emphasis was given to measures supported in [—1,1] and satisfying
some extra conditions in terms of the parameters of the three term recurrence relation which
the corresponding sequence of orthogonal polynomials satisfy.

The analysis of algebraic properties for such polynomials attracted the interest of several
researchers (see [6] for positive Borel measures and [16] for a more general situation). From
the point of view of differential equations see [17].

When two mass points are considered, the difficulties increase as shows [8]. An interest-
ing application for the addition of two mass points at £1 to the Jacobi weight function was
analyzed in [12].

The study of the modification of a measure via the derivatives of a delta Dirac measure
is intimately related with approximation theory (see [9] for the bounded case and [15] for the
unbounded one). In fact, the denominators @,(z) of the main diagonal sequence for Padé
approximants of Stieltjes type meromorphic functions

J '

/z—x—l_z Aij — )z+1 ANN#O’

7=1:1=0
satisfy orthogonal relations

Nj

[ pQuda) + 3030 AL, =0, 1)

7=11=0

where p(2) is a polynomial of degree at most n— 1. His study has known an increasing interest
during the last five years because their connection with spectral methods for boundary value
problems of fourth order differential equations [4].

The first approach to such a kind of modifications of a moment linear functional is [3]. In
particular, necessary and sufficient conditions for the existence of a sequence of polynomials
orthogonal with respect to such a linear functional are obtained. Furthermore, an extensive
study for the new orthogonal polynomials was performed when the initial functional is semi-
classical.

More recently (see [1]), the authors have analyzed a generalization of the classical Laguerre
polynomials by addition of the derivative of the Dirac measure at 2 = 0 to the Laguerre
measure. In particular, the hypergeometric character of these polynomials was proved. In [1],
we consider a particular case of (1) (m = 1 and Ny = 1) and we analyze the corresponding
polynomials when p is the Laguerre measure. In other direction Koekoek and Meijer [10] (see
also [11]) have considered some special inner products of Sobolev-type as

0 N
<pas= [ peatede £ 3 0490, 2)
0 k=0



Our case is very different with respect to this one. In fact, if {Mk}i\;o are non-negative, then
the above bilinear form is positive-definite. If we consider the bilinear form associated with
the functional ¢/ (see formula (4) from below),

()= [ p@)ale)ee o+ Y Milp(z)a() 3)
k=0

this bilinear form is not positive definite and, even, in general is not quasi-definite. This
means that the monic orthogonal polynomial sequence does not exists for all values of M.
Furthermore, the present paper constitutes a second step in the study started in [1].

In section 2 we deduce the relative asymptotics of our polynomials with respect to the
Laguerre polynomials as well as the ratio of the corresponding norms.

In section 3 our main aim is concentrated in the location of the zeros of these new orthog-
onal polynomials. We deduce that, for n large enough, they are real and simple, n — 1 of them
are positive and the other one is negative and is attracted by the end of the support with order
O(n~27?). The technical methods used for the analysis of the zeros are the ones presented
in [10]-[11]. But, the kind of orthogonal polynomials in such two situations are very different.
In our case, we deal with orthogonality with respect to a linear functional. This functional
leads to an inner product (3) which is, in general, not positive definite, and zeros appear as
eigenvalues of Jacobi matrices. In [10]-[11], there is not a linear functional which induces the
considered positive definite inner product (2). Moreover, their zeros are not eigenvalues of
a Jacobi Matrices because of, according to the properties of the shift operator in our case is
symmetric with respect to the induced inner product (3) but in [10]-[11] is not symmetric with
respect to the inner product (2).

In section 4, we determine explicitly a second order differential equation for such poly-
nomials, which is a consequence, from a theoretical point of view, of the fact that the linear
functional ¢ is semiclassical [3]. As a consequence, using the techniques developed in [5]
and [2],[25], we deduce in section 5 some moments of the distribution of zeros, as well as it
semiclassical WKB density. Finally, in section 6 we obtain the parameters of the three term
recurrence relation as well as an asymptotic estimate of them.

§2 Some asymptotic formulas.

In [1] we began the study of polynomials, orthogonal with respect to the linear functional
U on the linear space of polynomials with real coeflicients defined as

<U.P> = / P(z) 2®c~"dx + MoP(0) + My P/(0), Mo >0,M, > 0,a> —1.  (4)
0

For large n we deduced that the monic polynomials L%’MO’Ml(w), orthogonal with respect
to the functional (4), exist for all the values of the masses My and M;. Furthermore we get
the following expression for these generalized Laguerre polynomials

LMot () = Li(a) + Au(Ly) (2) + Ao(L7)"(2), (5)



where

(1" Mo LoV (0) 4 My (L MoV Y (0] (=1)" My = 1) LMoV (o)

Ay = _
! (e + 1)n! I'(a+ 2)n! » (6)
—1)" M, La-MoMi(
ML ) .
I'(a + 2)n!
and LMo Mi(0) and (L&Mo-Mi)/(0) are given by
(_1)71"!(7%2&) r(yh)(zt?)
LMoy () ~CUMGED) 1 k() (8)
' T - o) i) |

_r({.\ﬁn(nw)‘*r(a+2)n(azrn2_);)a_1(zf§y) L - o ()

and

(LMoY (0) =

L g ) = oty (nF3) (=D)mnl("1)
= (a+1)(n+a) + F(a+2) n(aﬁf_)E)a_l(Zf?) ~(=1)"nl(7E7) (9)
L+ et 08 = matn (F3) ey (i)
o n+a n(a+2)—o—-1 ntao 1 n+a
~ gy () + rdy ( El—n—)Q) (E5) 1 - i (ES)

Denoting by d2:*1 the denominator in the formulas (8) and (9)

Mo(a+1),  2Mi(a+1),
(n—1)!'T'a+2) (n—2)T'(a+3)

difoM = 14

2n4a+1)(at1),’
(a+1)(a+3)(n=2)! (n—1)!T(a+3)*

we obtain
L2MoMi () = =" (at+1)n 1 Min*(a+1),  Mi(a+1),
n dé\f%le (a+ D) n!l(a+2) (n—=2)T(a+3)
and

(LMo My () = (=1D)"(a+1), (_ Mo (a+1), My (n+a+1)(a+ 1)n)

dXo M (n—'T'a+3) (a+1) (n—2)T(a+4)
Here (a4 1), is the shifted factorial or Pochhammer symbol defined by

F(a—l—k)‘

(a)o:=1,(a)r:=ala+1)---(a+k—-1)= ()



Now if we use the asymptotic formula for the Gamma function [20] (formula 8.16 page 88)

2
I'(z) ~ e_l’wx\/—ﬂ, z>>1,2€R,
T

where the symbol a(z) ~ b(2) means, as usual, lim alz)

oo b(x)

= 1. Then, for large n we obtain

the asymptotic behavior for the denominator dé\f%’Ml
MoMy Mlz(n— (n+a+ 1)nza"’2 (10)

I'(a+ HI'(a+2)'(a+3)(a+4)
Thus for any fixed My and M7 and for sufficiently large n, the denominator could be taken as

O(—n?>*1) ie., for large n we can guarantee the existence of the polynomials for all values
of the masses My and M.

Using (10) we obtain, for large n, the following asymptotic formulas

o0 Mo My (=)' (e + 4)(n — 2)!
L0 0) ~ i (1

and

My gy o, (2D ) = 1)
(L0 (0) i . (12

From the above two expressions and using (6) and (7) we find

2(a—|—2)>07 AZN(a—I—Q)(a—I—3)

A~
! n n(n—1)

> 0, Vn>>1,n€lN,a>—1. (13)

oMo, My

Let us now to study the asymptotic behavior of the ratio HLT)(Z) for z € C\IR. Notice
z
i3

that (5) can be rewritten

LMo (o) (LgMoMy(z) (L MMy

=14+ A4 + A, ze C\ R (14)

Li(2) Li(2) Ly(z)
Using the asymptotic formula for the classical Laguerre polynomials (see [22], Thm. 8.22.3,
1 LO[ !
and [23], section 4.6) for the ratio — o)1) then

v L3(z)
1

%% _ % {1 + %[Cl(a +1,2) = Chla, 2) — \/—_2]} +o <ﬁ)

1 1 1
(—32 + 522 + 1 az) (see [23], Eq. (4.2.6) page 133).

holds, where Cy(a, 2) = ——
dy/—=z

Analogously,

L(L)"(z) -1 { 1 } ( 1 )

————L = — 14+ — 2,2) — —2v- — .
n L%(Z) > + \/ﬁ[cl(a—l_ 72) Cl(avz) Z] +o \/ﬁ

holds. Using the above two formulas as well as formula (14) we deduce the relative asymptotic

relation for the generalized polynomials L2Mo-M1(2) which is valid for all z € €\ IR. In fact

we have proved the following



Theorem 1 Let L&MoMi(2) be our generalized polynomials and LS () the Laguerre polyno-
mials. ThenVz € C\ R

L%’Mli(Z) _ M L o z)— a.z) —/—z W 0 l
T(Z)_l-l-m{l-l-ﬁwl( +1,2) - Ci(a, 2) \/_]}-I- — n (n)

Finally, we provide an asymptotic formula for the ratio of the norms of the perturbed poly-
nomials d? and the classical ones d2.

Using the orthogonality of the generalized polynomials with respect to the functional I/ as
well as the orthogonality of the classical Laguerre polynomials we have

A2 = <U (LgMoMy: s = <y, LoMoM o =

= dp + Mo LMo (0) L3(0) + My (LMo MY (0)L5(0) + My L MM (0)(L5)'(0).
Taking into account that
(="' (n4+a+1)
I'a+1)
and using formulas (11) and (12) we obtain

(a—|—2)(2n—|—a—|—1)+0<1) ~1—|—2(a+2)

n n

n(—=1)""1T(n+a + 1)

LY(0) = d? T 1
~(0) CFI R n(n + o+ 1)

n =

» (13)'(0) =

d2
n _
d? + n(n—1)

n

§3 The zeros of L&MoMi(y),

In this section we will study the zeros of the above generalized polynomials. We use the same
methods as in [10]-[11] (see also [7] and [22]). It is known that the polynomials {P,(z)}o2,
which are orthogonal on an interval with respect to a positive weight function have the prop-
erty that P,(z) has n real and simple zeros which are located in the interior of the interval of
orthogonality. Since our functional is not positive definite we may no expect that the polyno-
mials L2Mo:Mi(2) have real and simple zeros. However they have the following property

Theorem 2 For sufficiently large n, the orthogonal polynomial Lg’MO’Ml(x) has n real and
simple zeros, n — 1 of them are nonnegative and only one zero lies in (—o0,0).

Proof: We will assume that My > 0, My > 0 and take n >> 1. Since Mg > 0, My > 0
and sign(L&MoMi(0)) = sign((LeMo-M1)(0)) and different from zero (see (11) and (12)), the
polynomial changes its sign on (0, 00) at least one time. It follows from the fact that

< U, LyMoMie) >= / Ly MM (@)a®e = de 4+ Mo Ly MM (0) + My (LipMoMy(0) = o,
0

and if the sign of L2Mo:Mi(2) was constant in (0, 0c) we will deduce that the last expression
is the sum of three quantities of the same sign, which yields a contradiction. Let z1,z9, ..., 2%
be those positive zeros which have odd multiplicity. Define p(z) such that

plz)=(z —z1)(x —x2)...(x — xp).



Then p(z)L2MoMi(z) >0, Vo > 0. Now define h(z)
h(z) = (¢ + d)p(z) = (¢ + d)(z = 21)(x = @2) ... (= @),

in such a way that 2/(0) = 0. Then

0= 1'(0) = dp'(0) + p(0),

Taking into account that

(0 1 1 1
P'( ):_<__|_—-|-,..—|——)<0,

a1 T2 Tk

we have d > 0. Hence h(z)L3MoMi(z) > 0, for all 2 > 0, and then < U, h LZMo:M1 5 5 0,
This implies that degree[h(z)] > n and then degree[p(z)] > n—1,ie., k > n—1. As a
consequence, all the positive zeros of L2Mo:Mi(z) are simple and at most one zero is negative.
This immediately implies that all zeros are real.

To prove that for sufficiently large n the polynomial has one negative zero we notice that
for even n, L&MoMi(0) < 0, as well as LMoMi(z) > 0 for all 2 < — Ny if Ny > 0 is sufficiently
large. Analogously, for odd n, L&Mo-Mi(0) > 0 and L2MoeMi(2) < 0 for all 2 < — Ny if Ny > 0
is sufficiently large. Then in some negative values of z the polynomial changes its sign. This
implies that the polynomial L2Mo:Mi(z) has exactly one zero in (—o0,0) and n — 1 zeros in
(0,00). [
We will denote the zeros of L%’MO’Ml(x) as 1,1 < 0 < a2 < ... < Ty, Let us now examine
the negative zero z, ; in more detail.

Theorem 3 For sufficiently large n

1. The negative zero x, 1 of the polynomial LeMoMuy(z) is bounded from below

2M,
- — n 0. 15
L < T < (15)
2. The following inequalities hold
(¢)
1 1 1 1
—<—xn71( + +...4 )<1, (16)
2 xn,? xn,?) xn,n
(b)
—Tp1 < Ty (17)

Proof: Let 2,5 < ... < ¥,, be the positive zeros of L2Mo:Mi(z). Define r(x)

rz)=(z—zpo)(z—2p3)...(2 —2p,).



Then L&MoMi(z) = r(z)(z — Tp1), where 2,1 < 0 and

7’/(0):—( S - )<07 (18)

Tn,2 Tn,3 Tnn

Since degree[r(z)] = n — 1 we have < U ,r(z)L3MoMi(z) >=0, i.e.
/OOO r(2)3(z — z,)a%e " dr — Mor(0)*2,1 + My7(0)* — 2My7(0)r'(0)2,1 = 0.
Since the integral is positive we must have
—Mor(0)*z, 1 + Myr(0)2 — 2M;7(0)7'(0)2, 1 < 0.

Using that r(0) and 7/(0) have opposite signs, as well as 2, 17(0)7'(0) = |z, 1/|7(0)7'(0)] > 0
we obtain

My7r(0)? < 2My|r(0)r'(0)||2 1] and Mor(0)?|2 1| < 2My|r(0)r(0)||2 1]

Then we have

1 11 1 Mo 1 1 !
- " ces d e - (19
2 < |$ 71| ($n,2 + Tn,3 * + $n,n) ! 2]\41 < Ln,2 * Tn,3 * ! Ln,n ( )
Now, using (11) and (12),
LO(,Mo,Ml / _pl n — 1 !
( nMM)(O):r(O) r(0tpy =1 and 1= |2nq| 7’(0)‘ 0.
LMo My () —2,17(0) a+3 T r(0)
Thus
1 1 1
|1 + Tt <L
$n72 $n73 xn,n

Combining this inequality with (19), (16) holds. The second inequality (17) is a simple con-
sequence of the first one (16). Notice that

0l < o] [+ —— 4t —— ) <1 (20)
T T . R
2]\41 ! ! Tn,2 Tn,3 Tnn
2M, )
hence |z, 1| < ——. This prove (15) and therefore our theorem. [

My
Theorem 4 For n sufficiently large x,; = O(n_%_z).

. —1)n

Proof: Firstly, we introduce the polynomial L&MoMi(z) = QLz’MO’Ml(x).
n!

From Taylor’s Theorem we have for z < 0, z < £ <0

~ ~ ~ 2 ~ 3 ~
LMo () = LMoo (0) (£ oM (0) 4+ (LM (0) + (LM () (21)



As a consequence of the Rolle’s Theorem every zero of (L2Mo-M1Y(z) lies between two con-
secutive zeros of the polynomial L2Mo-Mi (). From (12) we conclude that (L2MeM1y(0) < 0.
Thus all the zeros of (L2Mo:M1)/(1) are positive and it is a positive and increasing function
for negative x ((L2MoM1Y(2) goes from —oo, when # — —oo to 0 in some z > 0, the first
minimum). In the same way we have that (L&MoMi)"(2) > 0 and decreasing function for
z < 0 (the polynomial L&MoMi(2)is a convex upward function for negative = and have his
first inflection point in some positive value of z). This implies that (L&Mo-Mi)y"(3) < 0 for
z < 0. Then, from (11), (12) and (5) we obtain

Ez’MO’Ml(x) > az? + bz + ¢, for x < 0, (22)
where
1, - not? = I'(a+3)
— (oMo Miyirgy o b= (LoMosMiyig) ~ —
= G 0) ~ (Lt (o)~ — D)
and I 1)
5 +
— [oMo, My ~ _ai‘
¢ " (0) Myn(n—1)

According with (22) the negative zero Ty lies between the two roots z_ and 7 of ar?+br+e.
These two roots are equal to

Ha+@ﬂa+@[1i¢y+ (o + 3)M2nats
I'(

Ty =

2Mynot3 a+3)'(a+5)(n—1)

When n — o¢

- i¢r(a + D)+ 5)

noz—|—4 )

Since T_ < w1 < T4 then z,; = O(n_%_z). =

§4 A second order differential equation for L2MoMi(y).

In this section we will obtain a second order differential equation satisfied by the polynomials
LeMo, M ().

Theorem 5 The generalized polynomials LMoV (z) satisfy a second order differential equa-
tion

d? d ~
05(2) T L MM () 4 () LMo (@) o (@) L MM ) =0 (28)

where &(x) and ;\n(x) are polynomials of degree 2 and 7(z) is a polynomial of degree 3. More
precisely

5'($)I 2A2—|—3aA2—|—a2A2—2A1A2n—aA1A2n—A22n—|—A22n2—|—
—|—[—A1$—O[A1—2A2—2&A2+A12n—2A2n+AlAQTL]$—|- (24)

1+ Ay + Ay 2?,



Fla)= 6A3+11ady+6a?Ay+a® Ay —6A41 Agn—5a Ay Agn —a? Ay Ayn—
342 n—aAln+3A47% 0 Fad?n? +[-24; -3a A —a® A -
—6A4;—9ad; —3a% A, +2A°n4+aAPn—44n—2a Aynt (25)
—|—4A1A2n—|—A22n—|—2aA1A2n—Agznz]x—l—[l—l—a—l—QAl—l—QaAl—l—

—|—3A2—|—3O[A2—A12n+2142n—AlAzn]$2—[1—|—A1—|—A2]$3,
Xn($)2 6A2—|—5O[A2—|—Oé2A2—|—3A1A2—|—O[A1A2—|—2A22—3A1A2n—

—a A Agn —3APn 4+ AP n? 4[24 —a A — AP —2A4,— (26)

—2aA2—A1A2+A12n—2A2n—|—A1A2n]x—|—[1—|—A1—|—A2]x2.

Proof: We will start from the differential equation for the classical Laguerre polynomials

xwLn(x) +(a+1- w)%Ln(x) +nL(z)=0. (27)
If we take derivatives in this equation we obtain
A = ek 2 - )~ (- D) and
e 5ln(e) = ~(a )Lz n Toln(e an
(28)
d* d? d?
vogln(e) = ~(a+3—a)sli(e) — (n—2)- 5 Lu(2)
3
If we multiply the first one by 2 and use (27) we can express xzﬁLz(aE) in terms of the
x

classical Laguerre polynomials and their first derivatives

d3 d
$2%Lz($) =nla+2—-z)Ly(z)+[(a+1l—2)a+2—2)—z(n— 1)]%@%(36) (29)
In a similar way, if we multiply the second expression in (28) by z%, from (27) and (29) we
obtain

P (e) = lon(n = 2) = nla +2 = a)a+3 = () + {a(n = 2)(a+ 1 - )=

. (30)
—(a+3—-2)[(a+1l—-z)(a+2—-2)—2(n— 1)]}%@%(96)

Now from (5), (29) and (30)

P LEMOM: (1) = ()2 () + ()= L2 (2),

dz
d d
x?@Lg,M07M1($) = c(x)Lo(x) + d(x)%L;j(x),
4 d
3 a,Mo,M; — o — L
o LM () = e(@) Li(e) + f(2) - Li(2)

10



where

z)=z(z—(n—1)A3) — (a+1—2)[zd; — (a+2—2)A,]
=-—nz’+an(n—2)A+ nz(a+2—-2)A1 —n(a+2—2)(a+3—2)A;
fla)= —a*(a+1-2)+a(a+1—a)(n—2)A2+
+Hla+l-z)a+2—2)—2(n—1)]z4 — (a+3 —2)A,].

From the above formulas

$£%7M07M1($) a(z) b(x) gﬁ’MO’Ml(w) a(z) b(z)
g I @) ey dle) |2 e LM ) d@) 200 )
x3%L2’M°’M1(x) e(z) f(z) xQ%L%MO’Ml(x) e(x) f(z)

Now, doing some algebraic straightforward calculation we obtain that a(z)d(z) — ¢(2)b(z) =
x5 (z), b(z)e(x) — a(x)f(z) = z7(2) and e(z)f(z) — e(x)d(z) = naz?X,(z), where &(z) and
An(z) are polynomials of degree 2, explicitly given in (24) and (26), and 7(z) is a polynomial
of degree 3, whose explicit expression is given in (25). Then, expanding the determinant (31)
by the first column and dividing by 22, the theorem follows. [ |

§5 The moments y, of the zeros of L&MoMi (7). WKB method.

In this section we will study the moments of the distribution of zeros using a general
method presented in [5]. Notice that we will study the polynomial of large degree, since this
is a necessary and sufficient condition for the polynomial L2Mo:Mi(z) to be defined (see [1]
and section 2 of the present work). This method presented in [5] allows us to compute the
moments y, of the distribution of zeros p,(2) around the origin

1 IO A
Pn = E;é(w - xn,i)v My = Eyr = E;wn’l

Buendia, Dehesa and Gélvez [5] have obtained a general formula to find these quantities (see
[5], section II, Eq.(11) and (13) page 226). We will apply these two formulas to obtain the
general expression for the moments pq and pg, but firstly, let us introduce some notations.

We will rewrite the differential equation (23) in the form

d? d -
2a(@) 5 LMo (@) 4 7o) = LMo (o) 4 nd(2) 25 MM (@) = 0

where now
= aéz) + agz)x + a(22)$2 + agz)xS,
1) _I_ agl)x _I_ 0(21)$2 _I_ agl)$37

n;\n(x) = aéo) + ago)x + a(zo)xQ.



Here the values ay) can be found from (24), (25) and (26) in a straightforward way. Let & = 1

and ¢ = max{degree(zG) — 2,degree(7) — 1,degree(n/~\n)} = 2. Then from [5], (section II,
Eq.(11) and (13) page 226)

2 _
& =, £ = Y 5 = (32)

and

2 - v
I e T

n—s+m-—1)

55 = == = . (33)

—1)k
( k') Vi(=y1, —y2, —2y3, ..., —(k — 1)'k,) where Yi-symbols denote the well

known Bell polynomials of the number theory [21].

In general & =

Let us now to apply these general formulas to obtain the first two central moments 1 and
2 for our polynomials. Equation (33) give

&L=(a—Ai+n)n

and
(=14+n)n (—a—l—a2—2aA1—|—2A2—n—|—2an—2A1n—|—n2)

o = 5 :

Together with (32) this leads us to
1 =n+a— A
and
Mo = —a+a?—2aA +2A;+ (—1 +3a—2A+ A —2A2) n+ 2n2.
The asymptotic behavior of these two moments is
p1 ~n+0(1) and py ~ 2n* + O(n).
(=1

1 k
Notice that equation (33) and relation & = N YVi(=v1, —y2, —2y3, ..., —(k — 1)lyx) pro-

vide us a general method to obtain all the moments u, = %yT, but it is hightly non-linear
and cumbersome. This is a reason to apply it in order to obtain only the moment of low order.

Next, we will analyze the so-called semiclassical or WKB approximation (see [2],[25] and
references contained therein). Denoting the zeros of L&MoMi(z) by {z, ,}7_, we can define

its distribution function as
n

pelr) = -3 (e — ). (34)

k=1

12



We will use the method presented in [25] in order to obtain the WKB density of zeros,
which is an approximate analytical expression for the density of zeros for the solutions of any
linear second order differential equation with polynomial coefficients

az(w)y” + ar(x)y’ + ao(w)y = 0 (35)
The main result is established in the following

Theorem 6 Let S(z) and €(z) be the functions
1

S(x) = @{2(12(2@0 —ay) + a1(2d}y — ay)}, (36)
_ 1 5[9"(x)]? R P(x,n)
@)= 4[5(@]2{ TEERE )} = Qo) (37)

where P(x,n) and Q(z,n) are polynomials in x as well as in n. If the condition e(z) << 1
holds, then the semiclassical or WKB density of zeros of the solutions of (35) is given by

1
pwiB(x) = - S(x), zeICR, (38)

in every interval I where the function S(x) is positive.

The proof of this Theorem can be found in [2],[25].

Now we can apply this result to our differential equation (23). Using the coefficients of
the equation (23) and taking into account that

2, ) (2)

w(z) = as(z) = ay’ +a; x + ay 2?4+ ay 2,
o) = ar(z) = )’ + af s + alVa? + afa?,

n/\n(x) = ao(w) — a(OO) + ago)$ + 61(20)$27

(2), 3

we obtain that for sufficiently large n, e(z) ~ n~!. Then we can apply the above Theorem in
order to find the corresponding WKB density of zeros of the polynomials L%’MO’Ml(w). The
computations are very long and cumbersome. For this reason we provide a little program using
Mathematica [24] and some graphics representation for the pyw i p(z) function (see Appendix
I). In figure 1 we represent the WKB density of zeros for our generalized Laguerre polynomials.
We have used formula (13) and ploted the Density function for different values (from top to
bottom) n = 10000, 5000, 1000, 100 and o = 0. In figure 2 we represent the same function for
the Classical Laguerre polynomials.

§6 A Three Term Recurrence Relation for L2oMi(y).

It is known that all polynomials, orthogonal on an interval with respect to a positive weight
function satisfy a three term recurrence relation (TTRR). Koekoek and Meijer [10] (see also
[11]) have considered some special inner products of Sobolev-type as

0o N
<pas= [Cpleueiere £ Y MpPOO0),  Mez0. (3)
0 k=0
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Notice, that, for such an inner product < x, 2 >#< 1, 2% >. This implies that the polyno-

mials orthogonal with respect to (39) may no satisfy a TTRR. In fact they satisfy a (2N + 3)-
term recurrence relation [11]. In our case (4), if the three consecutive polynomials L2101 ()
LoMo M)y and in\fo’Ml(x) exist, then we will prove that they satisfy a certain three term
recurrence relation.

b

Theorem 7 For n large enough the generalized polynomials LMo M () satisfy a three term
recurrence relation

$L27M07M1(x) _ in\fo’Ml(x) + 5711\4071\41 Lz’MO’Ml( ) 1+ ’VMO’MlLa M07M1($)‘

Proof: Since z L2Mo:Mi(z2) is a polynomial of degree n + 1, for n large enough, we have

$L7O;’MO’M1($) _ in\{o,Ml(x) + 57{)407]\41 L%’MO’Ml( ) 1+ ,}/M07M1 Loz M07M1 ) + Z C]?$k

where C7, k = 1,2,...,n — 2, are real coefficients. Taking the indefinite inner product (-,-)
associated with the functional I/

(p.q) = /OOO p(z)q(z) e "dz + Mop(0)q(0) + Mi(p(2)q(z)) |s=0 , > —1, (40)

multiplying by ™ on both sides of the above expression, and using the orthogonality of the
LoMoMi () we find

0 = (LoMo My pmtly — Z CR(1,2m*F), m=0,1,...n—2.

Since the determinant of the the above linear system in C7} is different from zero (it coincide
with the Gram determinant of order n—1 for the indefinite inner product (40), see [22], Section
2.2 pages 25-28) then we obtain that all C7' = 0 for all £ = 0,1, ...,n — 2. Thus,

LMo () = Oy Ly o () 4+ CR LMo M () + O L (). (41

Let us to obtain the coefficients C7'_;, C7 and €7, in (41). Firstly, comparing the coef-
ficients 2"T! in (41) we find Cffj_l_l = 1. Let b2 be the coefficient of 2"~ in the expansion
LoMo Mgy = gm 4 pA z7=1 4 .. Then, comparing the coefficients of 2™ in the two sides of
(41) we find gMoM = Cn = bA bn—l—l To calculate yMo-Mi = €7, it is sufficient to evaluate
(41) in @ = 0 and remark that L&Mo-Mi(0) £ 0 (n >> 1).

In order to obtain a general expression for the coefficient @%O’Ml we can use the represen-
tation formula (5) for the generalized polynomials

LMo (2) = Lii(x) + Av(n)(Lg) (x) + Aa(n)(Ly)"(2).

Notice that A; and A, depend on n. Doing some algebraic calculations we find that b2 =
b,+nAi(n), where b,, denotes the coefficient of the n—1 power for the classical monic Laguerre
polynomials

Li(x)=2a" —n(n+a)x™ ..., ie., b, = —n(n + a).

14
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Figure 1: WKB Density of zeros of LOMo:Mi(g),

Using these formulas and the main data for Laguerre polynomials ([19], page 11, table 1.1)
we obtain the following TTRR coefficients for generalized polynomials

B%O’Ml =2n+a+1+ nAl(n) — (n + 1)A1(n + 1)7

and Mo
5Mo My _ a1 (0) _ GMo.My L%’MO’Ml(O)‘ -
Lyt o) LA o)
Using (13) for sufficiently large n
oM comtatl, M~ (n=2)(n+a+2),

ie., pMoMi g and Mo M1 5 2(a + 2). Here 3, and 7, denote the coefficients of
the TTRR for the classical monic Laguerre polynomials zLj(z) = LS, (z) + B L5 () +
Ynlp (), and they are equal to 3, = 2n 4+ a 4+ 1 and v, = n(n + a), respectively.

Appendix 1.

Let us to obtain the coefficient of the second order differential equation (23) and the S(z)
(36) and the pwxp(2) function (34) by using Mathematica.

Firstly we will obtain the coefficients &(z), 7(z) and A,(z) of the second order differential
equation (23). Using formula (31) we find

a=(x - n A2);

b=x A1-( alpha+1l-x) A2;

c=-x n Al+n(alpha+2-x)A2;

d=x(x-n A2+A2)-(alpha+1-x)(x Al-(alpha+2-x)A2);

15
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Figure 2: WKB Density of zeros of L9 (x).

e=-n x"2+x(n-2)n A2 + n x(alpha+2-x)Al-n(alpha+2-x)(alpha+3-x)A2 );
f=(-x"2(alpha+1-x)+x(alpha+1-x) (n-2)A2)+
((alpha+1-x) (alpha+2-x)-x(n-1)) (x Al-(alpha+3-x)A2);

sigma=Simplify[Expand[a d - ¢ bl];
tau=Simplify[Expand[e b - a f]/x]
lambda=Simplify[Expand[c f - e d ]1/x"2];

Now from (36) we find

dsig=D[sigma,x];

dt=D[taul,x];

s[x_]:=(2 sigma(2 lambda-dt)+tau(2 dsig-tau))/(4 sigma™2)
num=Simplify[Numerator[s[x]]];
den=Simplify[Denominator[s[x]]];
Density[x_]=Sqrt[num/den]

Finally we plot the function Density[z] for sufficiently large n for the generalized polyno-
mials and for the classical ones (see Figure 1 and 2).
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