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of such properties in terms of the location of the mass points with respect to the support ofthe measure. Particular emphasis was given to measures supported in [�1; 1] and satisfyingsome extra conditions in terms of the parameters of the three term recurrence relation whichthe corresponding sequence of orthogonal polynomials satisfy.The analysis of algebraic properties for such polynomials attracted the interest of severalresearchers (see [6] for positive Borel measures and [16] for a more general situation). Fromthe point of view of di�erential equations see [17].When two mass points are considered, the di�culties increase as shows [8]. An interest-ing application for the addition of two mass points at �1 to the Jacobi weight function wasanalyzed in [12].The study of the modi�cation of a measure via the derivatives of a delta Dirac measureis intimately related with approximation theory (see [9] for the bounded case and [15] for theunbounded one). In fact, the denominators Qn(x) of the main diagonal sequence for Pad�eapproximants of Stieltjes type meromorphic functionsZ d�(x)z � x + mXj=1 NjXi=0Ai;j i!(z � cj)i+1 ANj ;j 6= 0;satisfy orthogonal relationsZ p(x)Qn(x)d�(x) + mXj=1 NjXi=0Ai;j(p(z)Qn(z))(i)z=cj = 0; (1)where p(x) is a polynomial of degree at most n�1. His study has known an increasing interestduring the last �ve years because their connection with spectral methods for boundary valueproblems of fourth order di�erential equations [4].The �rst approach to such a kind of modi�cations of a moment linear functional is [3]. Inparticular, necessary and su�cient conditions for the existence of a sequence of polynomialsorthogonal with respect to such a linear functional are obtained. Furthermore, an extensivestudy for the new orthogonal polynomials was performed when the initial functional is semi-classical.More recently (see [1]), the authors have analyzed a generalization of the classical Laguerrepolynomials by addition of the derivative of the Dirac measure at x = 0 to the Laguerremeasure. In particular, the hypergeometric character of these polynomials was proved. In [1],we consider a particular case of (1) (m = 1 and N1 = 1) and we analyze the correspondingpolynomials when � is the Laguerre measure. In other direction Koekoek and Meijer [10] (seealso [11]) have considered some special inner products of Sobolev-type as< p; q >= Z 10 p(x)q(x)x�e�xdx+ NXk=0Mkp(k)(0)q(k)(0): (2)2



Our case is very di�erent with respect to this one. In fact, if fMkgNk=0 are non-negative, thenthe above bilinear form is positive-de�nite. If we consider the bilinear form associated withthe functional U (see formula (4) from below),(p; q) = Z 10 p(x)q(x)x�e�xdx+ NXk=0Mk(p(z)q(z))(k)z=0; (3)this bilinear form is not positive de�nite and, even, in general is not quasi-de�nite. Thismeans that the monic orthogonal polynomial sequence does not exists for all values of Mk.Furthermore, the present paper constitutes a second step in the study started in [1].In section 2 we deduce the relative asymptotics of our polynomials with respect to theLaguerre polynomials as well as the ratio of the corresponding norms.In section 3 our main aim is concentrated in the location of the zeros of these new orthog-onal polynomials. We deduce that, for n large enough, they are real and simple, n�1 of themare positive and the other one is negative and is attracted by the end of the support with orderO(n��2�2). The technical methods used for the analysis of the zeros are the ones presentedin [10]-[11]. But, the kind of orthogonal polynomials in such two situations are very di�erent.In our case, we deal with orthogonality with respect to a linear functional. This functionalleads to an inner product (3) which is, in general, not positive de�nite, and zeros appear aseigenvalues of Jacobi matrices. In [10]-[11], there is not a linear functional which induces theconsidered positive de�nite inner product (2). Moreover, their zeros are not eigenvalues ofa Jacobi Matrices because of, according to the properties of the shift operator in our case issymmetric with respect to the induced inner product (3) but in [10]-[11] is not symmetric withrespect to the inner product (2).In section 4, we determine explicitly a second order di�erential equation for such poly-nomials, which is a consequence, from a theoretical point of view, of the fact that the linearfunctional U is semiclassical [3]. As a consequence, using the techniques developed in [5]and [2],[25], we deduce in section 5 some moments of the distribution of zeros, as well as itsemiclassical WKB density. Finally, in section 6 we obtain the parameters of the three termrecurrence relation as well as an asymptotic estimate of them.x2 Some asymptotic formulas.In [1] we began the study of polynomials, orthogonal with respect to the linear functionalU on the linear space of polynomials with real coe�cients de�ned as< U ; P > = Z 10 P (x) x�e�xdx+M0P (0) +M1P 0(0); M0 � 0;M1 � 0; � > �1: (4)For large n we deduced that the monic polynomials L�;M0;M1n (x), orthogonal with respectto the functional (4), exist for all the values of the masses M0 and M1. Furthermore we getthe following expression for these generalized Laguerre polynomialsL�;M0;M1n (x) = L�n(x) +A1(L�n)0(x) +A2(L�n)00(x); (5)3



whereA1 = (�1)n[M0L�;M0;M1n (0) +M1(L�;M0;M1n )0(0)]�(�+ 1)n! � (�1)nM1(n� 1)L�;M0;M1n (0)�(�+ 2)n! ; (6)A2 = �(�1)nM1L�;M0;M1n (0)�(� + 2)n! : (7)and L�;M0;M1n (0) and (L�;M0;M1n )0(0) are given byL�;M0;M1n (0) = ������� (�1)nn!(n+�n ) M1�(�+1)(n+�n�1 )�(�1)nn!(n+�n�1 ) 1� M1�(�+1)(n+�n�2 ) �������������� 1 + M0�(�+1)(n+�n�1 )� M1�(�+1)(n+�n�2 ) M1�(�+1)(n+�n�1 )� M0�(�+1)(n+�n�2 ) + M1�(�+2) n(�+2)���1(n�2) (n+�n�3 ) 1� M1�(�+1)(n+�n�2 ) ������� ; (8)and (L�;M0;M1n )0(0) == ������� 1 + M0�(�+1)(n+�n�1 )� M1�(�+1)(n+�n�2 ) (�1)nn!(n+�n )� M0�(�+1)(n+�n�2 ) + M1�(�+2) n(�+2)���1(n�2) (n+�n�3 ) �(�1)nn!(n+�n�1 ) �������������� 1 + M0�(�+1)(n+�n�1 )� M1�(�+1)(n+�n�2 ) M1�(�+1)(n+�n�1 )� M0�(�+1)(n+�n�2 ) + M1�(�+2) n(�+2)���1(n�2) (n+�n�3 ) 1� M1�(�+1)(n+�n�2 ) ������� : (9)Denoting by dM0;M1�;n the denominator in the formulas (8) and (9)dM0;M1�;n = 1 + M0 (�+ 1)n(n� 1)! �(�+ 2) � 2M1 (�+ 1)n(n� 2)! �(�+ 3)�� M12 (n + �+ 1) (�+ 1)n2(�+ 1) (�+ 3) (n� 2)! (n� 1)! �(�+ 3)2 ;we obtainL�;M0;M1n (0) = (�1)n (�+ 1)ndM0;M1�;n  1 + M1 n2 (�+ 1)n(�+ 1) n! �(�+ 2) � M1 (�+ 1)n(n � 2)! �(�+ 3)! ;and (L�;M0;M1n )0(0) = (�1)n (�+ 1)ndM0;M1�;n �� M0 (�+ 1)n(n � 1)! �(�+ 3) + M1 (n + �+ 1) (�+ 1)n(� + 1) (n � 2)! �(�+ 4)� :Here (�+ 1)n is the shifted factorial or Pochhammer symbol de�ned by(a)0 := 1; (a)k := a(a+ 1) � � � (a+ k � 1) = �(a+ k)�(a) :4



Now if we use the asymptotic formula for the Gamma function [20] (formula 8.16 page 88)�(x) � e�xxxr2�x ; x >> 1; x 2 IR;where the symbol a(x) � b(x) means, as usual, limx!1 a(x)b(x) = 1. Then, for large n we obtainthe asymptotic behavior for the denominator dM0;M1�;ndM0;M1�;n � � M21 (n� 1)(n+ �+ 1)n2�+2�(�+ 1)�(�+ 2)�(�+ 3)�(�+ 4) (10)Thus for any �xed M0 and M1 and for su�ciently large n, the denominator could be taken asO(�n2�+4), i.e., for large n we can guarantee the existence of the polynomials for all valuesof the masses M0 and M1.Using (10) we obtain, for large n, the following asymptotic formulasL�;M0;M1n (0) � (�1)n+1�(� + 4)(n� 2)!M1 (11)and (L�;M0;M1n )0(0) � (�1)n+1�(� + 3)(n� 1)!M1 : (12)From the above two expressions and using (6) and (7) we �ndA1 � 2(�+ 2)n > 0; A2 � (�+ 2)(�+ 3)n(n � 1) > 0; 8n >> 1; n 2 IN; � > �1: (13)Let us now to study the asymptotic behavior of the ratio L�;M0;M1n (z)L�n(z) for z 2 ICn IR. Noticethat (5) can be rewrittenL�;M0;M1n (z)L�n(z) = 1 + A1 (L�;M0;M1n )0(z)L�n(z) +A2 (L�;M0;M1n )00(z)L�n(z) ; z 2 IC n IR: (14)Using the asymptotic formula for the classical Laguerre polynomials (see [22], Thm. 8.22.3,and [23], section 4.6) for the ratio 1pn L�n)0(z)L�n(z) then1pn (L�n)0(z)L�n(z) = �1pz �1 + 1pn [C1(�+ 1; z)� C1(�; z)� p�z]�+ o� 1pn�holds, where C1(�; z) = 14p�z ��3z + 13z2 + 14 � �2� (see [23], Eq. (4.2.6) page 133).Analogously,1n (L�n)00(z)L�n(z) = �1z �1 + 1pn [C1(�+ 2; z)� C1(�; z)� 2p�z]�+ o� 1pn� :holds. Using the above two formulas as well as formula (14) we deduce the relative asymptoticrelation for the generalized polynomials L�;M0;M1n (z) which is valid for all z 2 IC n IR. In factwe have proved the following 5



Theorem 1 Let L�;M0;M1n (z) be our generalized polynomials and L�n(z) the Laguerre polyno-mials. Then 8z 2 IC n IRL�;M0;M1n (z)L�n(z) = 1+2�+ 4p�n z �1 + 1pn [C1(�+ 1; z)� C1(�; z)� p�z]�+(�+ 2)(�+ 3)�n z +o� 1n� :Finally, we provide an asymptotic formula for the ratio of the norms of the perturbed poly-nomials ~d2n and the classical ones d2n.Using the orthogonality of the generalized polynomials with respect to the functional U aswell as the orthogonality of the classical Laguerre polynomials we have~d2n = < U ; (L�;M0;M1n )2 > = < U ; L�;M0;M1n L�n >== d2n +M0L�;M0;M1n (0)L�n(0) +M1(L�;M0;M1n )0(0)L�n(0) +M1L�;M0;M1n (0)(L�n)0(0):Taking into account thatL�n(0) = (�1)n�(n + �+ 1)�(� + 1) ; (L�n)0(0) = n(�1)n�1�(n+ � + 1)�(� + 2) ; d2n = n!�(n+ �+ 1)and using formulas (11) and (12) we obtain~d2nd2n = 1 + (�+ 2)(2n+ �+ 1)n(n� 1) + o� 1n� � 1 + 2(�+ 2)n :x3 The zeros of L�;M0;M1n (x).In this section we will study the zeros of the above generalized polynomials. We use the samemethods as in [10]-[11] (see also [7] and [22]). It is known that the polynomials fPn(x)g1n=0which are orthogonal on an interval with respect to a positive weight function have the prop-erty that Pn(x) has n real and simple zeros which are located in the interior of the interval oforthogonality. Since our functional is not positive de�nite we may no expect that the polyno-mials L�;M0;M1n (x) have real and simple zeros. However they have the following propertyTheorem 2 For su�ciently large n, the orthogonal polynomial L�;M0;M1n (x) has n real andsimple zeros, n � 1 of them are nonnegative and only one zero lies in (�1; 0).Proof: We will assume that M0 > 0; M1 > 0 and take n >> 1. Since M0 > 0; M1 > 0and sign(L�;M0;M1n (0)) = sign((L�;M0;M1n )0(0)) and di�erent from zero (see (11) and (12)), thepolynomial changes its sign on (0;1) at least one time. It follows from the fact that< U ; L�;M0;M1n (x) >= Z 10 L�;M0;M1n (x)x�e�xdx+M0L�;M0;M1n (0) +M1(L�;M0;M1n )0(0) = 0;and if the sign of L�;M0;M1n (x) was constant in (0;1) we will deduce that the last expressionis the sum of three quantities of the same sign, which yields a contradiction. Let x1; x2; :::; xkbe those positive zeros which have odd multiplicity. De�ne p(x) such thatp(x) = (x� x1)(x� x2) : : :(x� xk):6



Then p(x)L�;M0;M1n (x) � 0; 8x � 0. Now de�ne h(x)h(x) = (x+ d)p(x) = (x+ d)(x� x1)(x� x2) : : :(x� xk);in such a way that h0(0) = 0. Then0 = h0(0) = dp0(0) + p(0); d = � p(0)p0(0) :Taking into account that p0(0)p(0) = �� 1x1 + 1x2 + : : :+ 1xk� < 0;we have d > 0. Hence h(x)L�;M0;M1n (x) � 0, for all x � 0, and then < U ; h L�;M0;M1n >> 0.This implies that degree[h(x)] � n and then degree[p(x)] � n � 1, i.e., k � n � 1. As aconsequence, all the positive zeros of L�;M0;M1n (x) are simple and at most one zero is negative.This immediately implies that all zeros are real.To prove that for su�ciently large n the polynomial has one negative zero we notice thatfor even n, L�;M0;M1n (0) < 0, as well as L�;M0;M1n (x) > 0 for all x < �N1 if N1 > 0 is su�cientlylarge. Analogously, for odd n, L�;M0;M1n (0) > 0 and L�;M0;M1n (x) < 0 for all x < �N2 if N2 > 0is su�ciently large. Then in some negative values of x the polynomial changes its sign. Thisimplies that the polynomial L�;M0;M1n (x) has exactly one zero in (�1; 0) and n � 1 zeros in(0;1).We will denote the zeros of L�;M0;M1n (x) as xn;1 < 0 < xn;2 < ::: < xn;n Let us now examinethe negative zero xn;1 in more detail.Theorem 3 For su�ciently large n1. The negative zero xn;1 of the polynomial L�;M0;M1n (x) is bounded from below� 2M1M0 < xn;1 < 0: (15)2. The following inequalities hold(a) 12 < �xn;1  1xn;2 + 1xn;3 + : : :+ 1xn;n! < 1; (16)(b) � xn;1 < xn;2: (17)Proof: Let xn;2 < ::: < xn;n be the positive zeros of L�;M0;M1n (x). De�ne r(x)r(x) = (x� xn;2)(x� xn;3) : : :(x� xn;n):7



Then L�;M0;M1n (x) = r(x)(x� xn;1), where xn;1 < 0 andr0(0)r(0) = � 1xn;2 + 1xn;3 + : : :+ 1xn;n! < 0; (18)Since degree[r(x)] = n� 1 we have < U ; r(x)L�;M0;M1n (x) >= 0, i.e.Z 10 r(x)2(x� xn)x�e�xdx�M0r(0)2xn;1 +M1r(0)2 � 2M1r(0)r0(0)xn;1 = 0:Since the integral is positive we must have�M0r(0)2xn;1 +M1r(0)2 � 2M1r(0)r0(0)xn;1 < 0:Using that r(0) and r0(0) have opposite signs, as well as xn;1r(0)r0(0) = jxn;1jjr(0)r0(0)j > 0we obtainM1r(0)2 < 2M1jr(0)r0(0)jjxn;1j and M0r(0)2jxn;1j < 2M1jr(0)r0(0)jjxn;1j:Then we have12 < jxn;1j 1xn;2 + 1xn;3 + : : :+ 1xn;n! and M02M1 < 1xn;2 + 1xn;3 + : : :+ 1xn;n : (19)Now, using (11) and (12),(L�;M0;M1n )0(0)L�;M0;M1n (0) = r(0)� r0(0)xn;1�xn;1r(0) = n� 1�+ 3 > 0 and 1� jxn;1j ����r0(0)r(0) ���� > 0:Thus jxn;1j 1xn;2 + 1xn;3 + : : :+ 1xn;n! < 1:Combining this inequality with (19), (16) holds. The second inequality (17) is a simple con-sequence of the �rst one (16). Notice thatM02M1 jxn;1j < jxn;1j 1xn;2 + 1xn;3 + : : :+ 1xn;n! < 1; (20)hence jxn;1j < 2M1M0 . This prove (15) and therefore our theorem.Theorem 4 For n su�ciently large xn;1 = O(n��2�2).Proof: Firstly, we introduce the polynomial ~L�;M0;M1n (x) = (�1)nn! L�;M0;M1n (x).From Taylor's Theorem we have for x < 0, x < � < 0~L�;M0;M1n (x) = ~L�;M0;M1n (0) + x(~L�;M0;M1n )0(0) + x22 (~L�;M0;M1n )00(0) + x36 (~L�;M0;M1n )000(�) (21)8



As a consequence of the Rolle's Theorem every zero of (~L�;M0;M1n )0(x) lies between two con-secutive zeros of the polynomial ~L�;M0;M1n (x). From (12) we conclude that (~L�;M0;M1n )0(0) < 0.Thus all the zeros of (~L�;M0;M1n )0(x) are positive and it is a positive and increasing functionfor negative x ((~L�;M0;M1n )0(x) goes from �1, when x ! �1 to 0 in some x > 0, the �rstminimum). In the same way we have that (~L�;M0;M1n )00(x) > 0 and decreasing function forx < 0 (the polynomial ~L�;M0;M1n (x) is a convex upward function for negative x and have his�rst in
ection point in some positive value of x). This implies that (~L�;M0;M1n )000(x) < 0 forx < 0. Then, from (11), (12) and (5) we obtain~L�;M0;M1n (x) > ax2 + bx+ c; for x < 0; (22)where a = 12(~L�;M0;M1n )00(0) � n�+2�(� + 5) ; b = (~L�;M0;M1n )0(0) � ��(�+ 3)M1 n ;and c = ~L�;M0;M1n (0) � � �(�+ 4)M1 n(n� 1) :According with (22) the negative zero xn;1 lies between the two roots ~x� and ~x+ of ax2+bx+c.These two roots are equal to~x� = �(�+ 3)�(�+ 5)2M1n�+3 241�s1 + 4(�+ 3)M21n�+3�(�+ 3)�(�+ 5)(n� 1)35 :When n!1 ~x� � �s�(� + 4)�(�+ 5)n�+4 :Since ~x� < xn;1 < ~x+ then xn;1 = O(n��2�2).x4 A second order di�erential equation for L�;M0;M1n (x).In this section we will obtain a second order di�erential equation satis�ed by the polynomialsL�;M0;M1n (x).Theorem 5 The generalized polynomials L�;M0;M1n (x) satisfy a second order di�erential equa-tion x~�(x) d2dx2L�;M0;M1n (x) + ~�(x) ddxL�;M0;M1n (x) + n~�n(x)L�;M0;M1n (x) = 0 (23)where ~�(x) and ~�n(x) are polynomials of degree 2 and ~�(x) is a polynomial of degree 3. Moreprecisely ~�(x) = 2A2 + 3�A2 + �2A2 � 2A1A2 n� �A1A2 n �A22 n +A22 n2++[�A1 x� �A1 � 2A2 � 2�A2 +A12 n� 2A2 n+ A1A2 n] x++[1 +A1 +A2] x2; (24)9



~�(x) = 6A2 + 11�A2 + 6�2A2 + �3A2 � 6A1A2 n � 5�A1A2 n� �2A1A2 n��3A22 n� �A22 n+ 3A22 n2 + �A22 n2 + [�2A1 � 3�A1 � �2A1��6A2 � 9�A2 � 3�2A2 + 2A12 n + �A12 n � 4A2 n� 2�A2 n++4A1A2 n+ A22 n+ 2�A1A2n� A22 n2] x+ [1 + �+ 2A1 + 2�A1++3A2 + 3�A2 � A12 n+ 2A2n �A1A2 n ] x2 � [1 +A1 + A2] x3; (25)~�n(x) = 6A2 + 5�A2 + �2A2 + 3A1A2 + �A1A2 + 2A22 � 3A1A2 n���A1A2 n� 3A22 n+ A22 n2 + [�2A1 � �A1 �A12 � 2A2��2�A2 � A1A2 +A12 n � 2A2 n+ A1A2 n] x+ [1 + A1 + A2] x2: (26)Proof: We will start from the di�erential equation for the classical Laguerre polynomialsx d2dx2L�n(x) + (�+ 1� x) ddxL�n(x) + nL�n(x) = 0: (27)If we take derivatives in this equation we obtainx d3dx3L�n(x) = �(�+ 2� x) d2dx2L�n(x)� (n� 1) ddxL�n(x) andx d4dx4L�n(x) = �(�+ 3� x) d3dx3L�n(x)� (n� 2) d2dx2L�n(x) (28)If we multiply the �rst one by x and use (27) we can express x2 d3dx3L�n(x) in terms of theclassical Laguerre polynomials and their �rst derivativesx2 d3dx3L�n(x) = n(� + 2� x)L�n(x) + [(�+ 1� x)(�+ 2� x)� x(n� 1)] ddxL�n(x): (29)In a similar way, if we multiply the second expression in (28) by x2, from (27) and (29) weobtainx3 d4dx4L�n(x) = [xn(n� 2)� n(� + 2� x)(�+ 3� x)]L�n(x) + fx(n� 2)(�+ 1� x)��(� + 3� x)[(�+ 1� x)(�+ 2� x)� x(n� 1)]g ddxL�n(x): (30)Now from (5), (29) and (30)xL�;M0;M1n (x) = a(x)L�n(x) + b(x) ddxL�n(x);x2 ddxL�;M0;M1n (x) = c(x)L�n(x) + d(x) ddxL�n(x);x3 d2dx2L�;M0;M1n (x) = e(x)L�n(x) + f(x) ddxL�n(x)10



where a(x) = (x� nA2);b(x) = xA1 � (�+ 1� x)A2c(x) = �xnA1 + n(� + 2� x)A2;d(x) = x(x� (n� 1)A2)� (�+ 1� x)[xA1 � (�+ 2� x)A2]e(x) = �nx2 + xn(n� 2)A2 + nx(� + 2� x)A1 � n(� + 2� x)(�+ 3� x)A2f(x) = �x2(�+ 1� x) + x(�+ 1� x)(n� 2)A2++[(�+ 1� x)(�+ 2� x)� x(n� 1)][xA1� (�+ 3� x)A2]:From the above formulas���������� xL�;M0;M1n (x) a(x) b(x)x2 ddxL�;M0;M1n (x) c(x) d(x)x3 d2dx2L�;M0;M1n (x) e(x) f(x) ���������� = ���������� L�;M0;M1n (x) a(x) b(x)x ddxL�;M0;M1n (x) c(x) d(x)x2 d2dx2L�;M0;M1n (x) e(x) f(x) ���������� = 0: (31)Now, doing some algebraic straightforward calculation we obtain that a(x)d(x)� c(x)b(x) =x~�(x), b(x)e(x) � a(x)f(x) = x~�(x) and c(x)f(x) � e(x)d(x) = nx2~�n(x), where ~�(x) and~�n(x) are polynomials of degree 2, explicitly given in (24) and (26), and ~�(x) is a polynomialof degree 3, whose explicit expression is given in (25). Then, expanding the determinant (31)by the �rst column and dividing by x2, the theorem follows.x5 The moments �r of the zeros of L�;M0;M1n (x). WKB method.In this section we will study the moments of the distribution of zeros using a generalmethod presented in [5]. Notice that we will study the polynomial of large degree, since thisis a necessary and su�cient condition for the polynomial L�;M0;M1n (x) to be de�ned (see [1]and section 2 of the present work). This method presented in [5] allows us to compute themoments �r of the distribution of zeros �n(x) around the origin�n = 1n nXi=1 �(x� xn;i); �r = 1nyr = 1n nXi=1 xrn;i:Buend��a, Dehesa and G�alvez [5] have obtained a general formula to �nd these quantities (see[5], section II, Eq.(11) and (13) page 226). We will apply these two formulas to obtain thegeneral expression for the moments �1 and �2, but �rstly, let us introduce some notations.We will rewrite the di�erential equation (23) in the formx~�(x) d2dx2L�;M0;M1n (x) + ~�(x) ddxL�;M0;M1n (x) + n~�n(x)L�;M0;M1n (x) = 0where now x~�(x) = a(2)0 + a(2)1 x+ a(2)2 x2 + a(2)3 x3;~�(x) = a(1)0 + a(1)1 x+ a(1)2 x2 + a(1)3 x3;n~�n(x) = a(0)0 + a(0)1 x+ a(0)2 x2:11



Here the values a(i)j can be found from (24), (25) and (26) in a straightforward way. Let �0 = 1and q = maxfdegree(x~�) � 2; degree(~�) � 1; degree(n~�n)g = 2. Then from [5], (section II,Eq.(11) and (13) page 226) �1 = y1; �2 = y21 � y22 : (32)and �s = � sXm=1(�1)m�s�m 2Xi=0 (n � s+m)!(n� s +m� i)!a(i)i+q�m2Xi=0 (n� s)!(n� s� i)!a(i)i+q : (33)In general �k = (�1)kk! Yk(�y1;�y2;�2y3; :::;�(k� 1)!kn) where Yk-symbols denote the wellknown Bell polynomials of the number theory [21].Let us now to apply these general formulas to obtain the �rst two central moments �1 and�2 for our polynomials. Equation (33) give�1 = (��A1 + n) nand �2 = (�1 + n) n ���+ �2 � 2�A1 + 2A2 � n + 2�n � 2A1 n+ n2�2 :Together with (32) this leads us to �1 = n+ � �A1and �2 = �� + �2 � 2�A1 + 2A2 + ��1 + 3�� 2A1 + A12 � 2A2� n+ 2n2:The asymptotic behavior of these two moments is�1 � n+ O(1) and �2 � 2n2 +O(n):Notice that equation (33) and relation �k = (�1)kk! Yk(�y1;�y2;�2y3; :::;�(k � 1)!yk) pro-vide us a general method to obtain all the moments �r = 1nyr, but it is hightly non-linearand cumbersome. This is a reason to apply it in order to obtain only the moment of low order.Next, we will analyze the so-called semiclassical or WKB approximation (see [2],[25] andreferences contained therein). Denoting the zeros of L�;M0;M1n (x) by fxn;kgnk=1 we can de�neits distribution function as �n(x) = 1n nXk=1 �(x� xn;k): (34)12



We will use the method presented in [25] in order to obtain the WKB density of zeros,which is an approximate analytical expression for the density of zeros for the solutions of anylinear second order di�erential equation with polynomial coe�cientsa2(x)y00 + a1(x)y0 + a0(x)y = 0 (35)The main result is established in the followingTheorem 6 Let S(x) and �(x) be the functionsS(x) = 14a22f2a2(2a0 � a01) + a1(2a02 � a1)g; (36)�(x) = 14[S(x)]2 (5[S 0(x)]24[S(x)] � S 00(x)) = P (x; n)Q(x; n) ; (37)where P (x; n) and Q(x; n) are polynomials in x as well as in n. If the condition �(x) << 1holds, then the semiclassical or WKB density of zeros of the solutions of (35) is given by�WKB(x) = 1�qS(x); x 2 I � IR; (38)in every interval I where the function S(x) is positive.The proof of this Theorem can be found in [2],[25].Now we can apply this result to our di�erential equation (23). Using the coe�cients ofthe equation (23) and taking into account thatx~�(x) = a2(x) = a(2)0 + a(2)1 x+ a(2)2 x2 + a(2)3 x3;~�(x) = a1(x) = a(1)0 + a(1)1 x+ a(1)2 x2 + a(1)3 x3;n~�n(x) = a0(x) = a(0)0 + a(0)1 x+ a(0)2 x2;we obtain that for su�ciently large n, �(x) � n�1. Then we can apply the above Theorem inorder to �nd the corresponding WKB density of zeros of the polynomials L�;M0;M1n (x). Thecomputations are very long and cumbersome. For this reason we provide a little program usingMathematica [24] and some graphics representation for the �WKB(x) function (see AppendixI). In �gure 1 we represent the WKB density of zeros for our generalized Laguerre polynomials.We have used formula (13) and ploted the Density function for di�erent values (from top tobottom) n = 10000; 5000; 1000; 100 and � = 0. In �gure 2 we represent the same function forthe Classical Laguerre polynomials.x6 A Three Term Recurrence Relation for L�;M0;M1n (x).It is known that all polynomials, orthogonal on an interval with respect to a positive weightfunction satisfy a three term recurrence relation (TTRR). Koekoek and Meijer [10] (see also[11]) have considered some special inner products of Sobolev-type as< p; q >= Z 10 p(x)q(x)x�e�xdx+ NXk=0Mkp(k)(0)q(k)(0); Mk � 0: (39)13



Notice, that, for such an inner product < x ; x >6=< 1 ; x2 >. This implies that the polyno-mials orthogonal with respect to (39) may no satisfy a TTRR. In fact they satisfy a (2N +3)-term recurrence relation [11]. In our case (4), if the three consecutive polynomials L�;M0;M1n�1 (x),L�;M0;M1n (x) and L�;M0;M1n+1 (x) exist, then we will prove that they satisfy a certain three termrecurrence relation.Theorem 7 For n large enough the generalized polynomials L�;M0;M1n (x) satisfy a three termrecurrence relationxL�;M0;M1n (x) = L�;M0;M1n+1 (x) + ~�M0;M1n L�;M0;M1n (x) + ~
M0;M1n L�;M0;M1n�1 (x):Proof: Since xL�;M0;M1n (x) is a polynomial of degree n+ 1, for n large enough, we havexL�;M0;M1n (x) = L�;M0;M1n+1 (x) + ~�M0;M1n L�;M0;M1n (x) + ~
M0;M1n L�;M0;M1n�1 (x) + n�2Xk=0Cnk xk;where Cnk , k = 1; 2; :::; n� 2, are real coe�cients. Taking the inde�nite inner product (�; �)associated with the functional U( p ; q ) = Z 10 p(x)q(x) x�e�xdx+M0p(0)q(0)+M1(p(x)q(x))0jx=0 ; � > �1; (40)multiplying by xm on both sides of the above expression, and using the orthogonality of theL�;M0;M1n (x) we �nd0 = (L�;M0;M1n ; xm+1) = n�2Xk=0Cnk (1; xm+k); m = 0; 1; :::; n� 2:Since the determinant of the the above linear system in Cnk is di�erent from zero (it coincidewith the Gram determinant of order n�1 for the inde�nite inner product (40), see [22], Section2.2 pages 25-28) then we obtain that all Cnk = 0 for all k = 0; 1; :::; n� 2. Thus,xL�;M0;M1n (x) = Cnn+1L�;M0;M1n+1 (x) + CnnL�;M0;M1n (x) + Cnn�1L�;M0;M1n�1 (x): (41)Let us to obtain the coe�cients Cnn�1, Cnn and Cnn+1 in (41). Firstly, comparing the coef-�cients xn+1 in (41) we �nd Cnn+1 = 1. Let bAn be the coe�cient of xn�1 in the expansionL�;M0;M1n (x) = xn + bAn xn�1 + :::. Then, comparing the coe�cients of xn in the two sides of(41) we �nd ~�M0;M1n = Cnn = bAn �bAn+1. To calculate ~
M0;M1n = Cnn�1 it is su�cient to evaluate(41) in x = 0 and remark that L�;M0;M1n (0) 6= 0 (n >> 1).In order to obtain a general expression for the coe�cient ~�M0;M1n we can use the represen-tation formula (5) for the generalized polynomialsL�;M0;M1n (x) = L�n(x) +A1(n)(L�n)0(x) +A2(n)(L�n)00(x):Notice that A1 and A2 depend on n. Doing some algebraic calculations we �nd that bAn =bn+nA1(n), where bn denotes the coe�cient of the n�1 power for the classical monic Laguerrepolynomials L�n(x) = xn � n(n + �)xn�1 + : : : ; i.e., bn = �n(n+ �):14
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Figure 1: WKB Density of zeros of L0;M0;M1n (x).Using these formulas and the main data for Laguerre polynomials ([19], page 11, table 1.1)we obtain the following TTRR coe�cients for generalized polynomials~�M0;M1n = 2n+ �+ 1 + nA1(n)� (n+ 1)A1(n+ 1);and ~
M0;M1n = �L�;M0;M1n+1 (0)L�;M0;M1n�1 (0) � ~�M0;M1n L�;M0;M1n (0)L�;M0;M1n�1 (0) :Using (13) for su�ciently large n~�M0;M1n � 2n+ �+ 1; ~
M0;M1n � (n� 2)(n+ �+ 2);i.e., ~�M0;M1n � �n and ~
M0;M1n � 
n � 2(� + 2). Here �n and 
n denote the coe�cients ofthe TTRR for the classical monic Laguerre polynomials xL�n(x) = L�n+1(x) + �nL�n+1(x) +
nL�n+1(x), and they are equal to �n = 2n+ � + 1 and 
n = n(n+ �), respectively.Appendix I.Let us to obtain the coe�cient of the second order di�erential equation (23) and the S(x)(36) and the �WKB(x) function (34) by using Mathematica.Firstly we will obtain the coe�cients ~�(x), ~�(x) and ~�n(x) of the second order di�erentialequation (23). Using formula (31) we �nda=(x - n A2);b=x A1-( alpha+1-x) A2;c=-x n A1+n(alpha+2-x)A2;d=x(x-n A2+A2)-(alpha+1-x)(x A1-(alpha+2-x)A2);15
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Figure 2: WKB Density of zeros of L0n(x).e=-n x^2+x(n-2)n A2 + n x(alpha+2-x)A1-n(alpha+2-x)(alpha+3-x)A2 );f=(-x^2(alpha+1-x)+x(alpha+1-x)(n-2)A2)+((alpha+1-x)(alpha+2-x)-x(n-1))(x A1-(alpha+3-x)A2);sigma=Simplify[Expand[a d - c b]];tau=Simplify[Expand[e b - a f]/x]lambda=Simplify[Expand[c f - e d ]/x^2];Now from (36) we �nddsig=D[sigma,x];dt=D[tau1,x];s[x_]:=(2 sigma(2 lambda-dt)+tau(2 dsig-tau))/(4 sigma^2)num=Simplify[Numerator[s[x]]];den=Simplify[Denominator[s[x]]];Density[x_]=Sqrt[num/den]Finally we plot the function Density[x] for su�ciently large n for the generalized polyno-mials and for the classical ones (see Figure 1 and 2).ACKNOWLEDGEMENTS:The research of the two authors was supported by Comisi�on Interministerial de Ciencia yTecnolog��a (CICYT) of Spain under grant PB 93-0228-C02-01 and by INTAS. The authorsthank to Professor Guillermo L�opez Lagomasino (Universidad de la Habana, Cuba) for itsuseful suggestions and remarks as well as to the referees for their constructive criticism aboutthe presentation of this manuscript. 16
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