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1 Introdution.In the last years the study of the disrete analogues of the lassial speial funtionsand, in partiular, the orthogonal polynomials, has reeived an inreasing interest (fora review see [20, 25, 26, 34℄). Speial emphasis was given to the q-analogues of theorthogonal polynomials or q-polynomials, whih are losely related with di�erent top-is in other �elds of atual siene: Mathematis (e.g., ontinued frations, eulerianseries, theta funtions, ellipti funtions,...; see for instane [5, 24℄) and Physis (e.g.,q-Shr�odinger equation and q-harmoni osillators [8, 9, 10, 15, 16, 18, 30℄). Moreover,the onnetion between the representation theory of quantum algebras (Clebsh-GordanoeÆients, 3j and 6j symbols) and the q-orthogonal polynomials is well known, (see[4, 27, 28, 31, 39, 41℄ among others.)There exist several approahes to the study of these objets. The more standardone is based on the fat that these q-polynomials are speial ases of the basi hyper-geometri series [25℄ (see also [11, 26, 28℄). Other approahes are the group-theoretialapproah [23, 41℄, the algebrai approah [33℄, and the di�erene-equation in non-uniform latties approah [12, 13, 14, 17, 22, 34, 35, 36, 37, 40℄. The distribution ofzeros of these polynomials has been onsidered in [2℄ and [21℄.In most of the papers related to the last approah (Nikiforov et al.) the authorsdidn't study onrete families (up to the papers [19, 39℄), although they are very usefulfor appliations. In the present paper we will study some q-polynomials on the ex-ponential lattie x(s) = qs, onneting the results of di�erent authors [19℄ (Meixnerand Kravhuk), [39℄ (Hahn), and the general method desribed in [34, 37℄. In par-tiular, we will derive from the general formulas, obtained in [37℄, the hypergeometrirepresentation of these polynomials whih has not been onsidered in [19℄ and [39℄. Par-tiular emphasis will be given to a q-analogue of the Charlier polynomials, for whihwe will �nd all the harateristi formulas, inluding norm, three-term reurrene rela-tion, struture relations, di�erentiation formulas, representation in terms of the basihypergeometri series and so on.It is important to remark that the above lattie x(s) = qs is a \bad" lattie inthe sense that we an not reover the linear lattie x(s) = s by taking limits in it.In fat, a more onvenient lattie is the lattie x(s) = qs�1q�1 . The eletion of suh alattie is determined by the fat that in the limit (when q tends to one) we reoverthe lassial linear lattie, and then the new polynomials seem to be \good" analoguesof the lassial ones. In partiular all the harateristis of the resulting polynomialswill tend to the lassial ones in the limit q ! 1. To show this we will study in detailsthe q�analogues of the Charlier polynomials in both latties x(s) = qs and x(s) = qs�1q�1 .The struture of the paper is as follows. In Setion 2 we summarize some of theproperties of the q-polynomials on the non-uniform latties [34, 37℄ with speial em-phasis in the exponential lattie. In setion 3 we derive some general relations for theq-polynomials on the exponential lattie. In partiular, we will obtain the so-alled dif-ferentiation formulas, the struture relations, and an expression involving the di�erenederivatives of the q-polynomials on the exponential lattie x(s) = 1qs + 3 with thepolynomial itself. All these relations are very useful for appliations (see e.g. [3, 29℄)and their knowledge allows to extend the results of [6, 38℄ for the orthogonal polyno-mials on the uniform lattie to the polynomials on the exponential one. In Setion 42



we reover, from the general formulas by some limit proesses, the q-polynomials on-sidered in [19, 39℄ by using the approah by Nikiforov and Uvarov [34, 37℄. Finally, inSetion 5 we study in detail a q-analogue of the Charlier polynomials in the two afore-said exponential latties and �nd expliit expressions for some of their harateristis.2 General properties of the q�polynomials on the expo-nential lattie.2.1 The hypergeometri-type di�erene equation.Let us start with the study of some general properties of orthogonal polynomials ofa disrete variable on non-uniform latties. Let~�(x(s)) 44x(s� 12)5y(s)5x(s) + ~�(x(s))2 �4y(s)4x(s) + 5y(s)5x(s)�+ �y(s) = 0;5f(s) = f(s)� f(s� 1);4f(s) = f(s+ 1)� f(s) ; (2.1)be the seond order di�erene equation of hypergeometri type for some lattie fun-tion x(s), where 5f(s) and 4f(s), denote the bakward and forward �nite di�erenederivatives, respetively. Here ~�(x) and ~�(x) are polynomials in x(s) of degree at most2 and 1, respetively, and � is a onstant. The equation (2.1) an be obtained from thelassial di�erential hypergeometri equation~�(x)y00(x) + ~�(x)y0(x) + �y(s) = 0;via the disretization of the �rst and seond derivatives y0 and y00 in an appropriateway [34, 36℄. Following [34, 37℄ we will rewrite (2.1) in the equivalent form�(s) 44x(s� 12 )5y(s)5x(s) + �(s)4y(s)4x(s) + �y(s) = 0;�(s) = ~�(x(s))� 12 ~�(x(s))4 x(s� 12); �(s) = ~�(x(s)): (2.2)It is known [12, 34, 37℄ that the above di�erene equations have polynomial solutionsof hypergeometri type i� x(s) is a funtion of the formx(s) = 1(q)qs + 2(q)q�s + 3(q) = 1(q)[qs + q�s��℄ + 3(q); (2.3)where 1, 2, 3 and q� = 12 are onstants whih, in general, depend on q. A simplealulation shows that the exponential lattie belongs to this lass. In fat we havelim2!0x(s) = lim�!�1x(s) = 1q�s + 3; (2.4)where � takes the appropriate sign aording to q > 1 or q < 1.The k-order di�erene derivative of a solution y(s) of (2.1) , de�ned byyk(s)q = 44xk�1(s) 44xk�2(s) : : : 44x(s) [y(s)℄ � 4(k)[y(s)℄;where xm(s) = x(s+ m2 ); (2.5)3



also satisfy a di�erene equation of hypergeometri type�(s) 44xk(s� 12) �5yk(s)q5xk(s) �+ �k(s)4yk(s)q4xk(s) + �kyk(s)q = 0; (2.6)where [34, page 62, Eq. (3.1.29)℄�k(s) = �(s+ k)� �(s) + �(s+ k)4 x(s+ k � 12)4xk�1(s) ; (2.7)and �k = �n + k�1Xm=0 4�m(s)4xm(s) : (2.8)Usually, the equations (2.2) and (2.6) are written in the ompat form44x(s� 12 ) ��(s)�(s)5y(s)5x(s)�+ ��(s)y(s) = 0; (2.9)and 44xk(s� 12) ��(s)�k(s)5yk(s)5xk(s)�+ �k�k(s)yk(s) = 0; (2.10)where �(s) and �k(s) are the solution of the Pearson-type di�erene equations [34℄44x(s� 12) [�(s)�(s)℄ = �(s)�(s) ; 44xk(s� 12) [�(s)�k(s)℄ = �k(s)�k(s); (2.11)respetively, and �k(s) is given by�k(s) = �(s+ k) kYi=1 �(s+ i): (2.12)2.2 The Rodrigues-type formula.It is well known [34, 37℄, that the polynomial solutions of equation (2.2), denoted byPn(s)q � Pn(x(s))q, are determined, up to a normalizing fator Bn, by the di�ereneanalog of the Rodrigues formula [34, page 66, Eq. (3.2.19)℄Pn(s)q = Bn�(s) 5(n) [�n(s)℄; 5(n) � 55x1(s) 55x2(s) : : : 55xn(s) ; (2.13)where the funtion �n(s) is given in (2.12). These polynomial solutions orrespondto some values of �n {the eigenvalues of equation (2.2){ and an be omputed bysubstituting the polynomial Pn(s)q in (2.1) and equating the oeÆients of the greatestpower xn(s) (see [34, page 104 ℄ and [37℄). Then�n = �[n℄q n12 �qn�1 + q�n+1� ~� 0 + [n� 1℄q ~�002 o ; (2.14)where (see Eq. (2.2))~�(s) = ~�002 x(s)2 + ~�0(0)x(s) + ~�(0); and ~�(s) � � 0x(s) + �(0):Here and throughout the paper [n℄q denotes the so alled q-numbers[n℄q = q n2 � q�n2q 12 � q� 12 = sinh(hn)sinh(h) ; q = eh2 ; and �q = q 12 � q� 12 :4



Also for the di�erene derivatives ykn(s)q of the polynomial solution Pn(s)q a Rodrigues-type formula is valid ykn(s)q = 4(k)Pn(s)q = AnkBn�k(s) 5(n)k [�n(s)℄; (2.15)where the operator 5(n)k is de�ned by5(n)k f(s) = 55xk+1(s) 55xk+2(s) � � � 55xn(s) [f(s)℄;Bn = 4(n)PnAnn , the eigenvalues �n are given by (2.14) andAnk = [n℄q![n� k℄q! k�1Ym=0( q 12 (n+m�1) + q� 12 (n+m�1)2 ! ~� 0 + [n+m� 1℄q ~�002 ) : (2.16)The Rodriges-type formula (2.13) an be written also in the form [13, 34℄Pn(s)q = Bn�(s) � ÆÆx(s)�n [�n(s� n2 )℄; � ÆÆx(s)�n � n timesz }| {ÆÆx(s) ÆÆx(s) � � � ÆÆx(s) ; (2.17)where Æf(s) = 5f(s+ 12) � f(s+ 12 )� f(s� 12 ). Analogously,4(k)Pn(s)q = AnkBn�k(s) " ÆÆx(s� k2 )#n�k [�n(s� n2 + k2 )℄: (2.18)Sometimes, for the exponential lattie, it is better to rewrite the (2.13) in theequivalent form [3℄Pn(s)q = q�n(n+1)4 Bn�(s) � 55x(s)�n [�n(s)℄; � 55x(s)�n = n-timesz }| {55x(s) : : : 55x(s) : (2.19)To obtain the above formula the linearity of the operator 5(n) as well as the identity5xk(s) = q k2 5 x(s), have been used.2.3 Integral representation and expliit formula.For the polynomial solutions Pn(s)q of the di�erene equation (2.2) the followingintegral representation holds [12℄Pn(s)q = [n℄q!Bn�(s) 2�i ZC �n(z)x0n(z)[xn(z)� xn(s)℄(n+1) dz; (2.20)where [xk(z) � xk(s)℄(m) = m�1Yj=0 [xk(z)� xk(s� j)℄ ; m = 0; 1; 2::: ; (2.21)are the so-alled generalized powers. In this paper we suppose that the funtion �n(z) isanalyti on and inside the losed ontour C of the omplex plane ontaining the pointsz = s; s � 1; ::::; s � n. From the above expression we an obtain an expliit formulafor the polynomials Pn(s)q. In fat, if we integrate (2.20) by alulating the residues5



(the only singularities inside the ontour C are simple poles loated at z = s� l; l =0; 1; � � � ; n), we �nd the following expression for the polynomials in the exponentiallattie x(s) = 1qs + 3,Pn(s)q = Bnq�ns+n4 (n+1)n1 (q � 1)n nXm=0 (�1)m+n[n℄q!q�m2 (n�1)[m℄q![n�m℄q! �n(s� n+m)�(s) ; (2.22)or, using the Pearson-type equation (2.11), rewritten in its equivalent form�(s+ 1)�(s) = �(s) + �(s)4 x(s� 12)�(s+ 1) ; (2.23)Pn(s)q = Bnq�ns+n4 (n+1)n1 (q � 1)n nXm=0 [n℄q!q�m2 (n�1)(�1)m+n[m℄q![n�m℄q! �� n�m�1Yl=0 [�(s� l)℄m�1Yl=0 [�(s+ l) + �(s+ l)4 x(s+ l � 12 )℄; (2.24)
where it is assumed that �1Yl=0 f(l) � 1. This is an expliit formula for the polynomialsPn(s)q in terms on the polynomials � and � of the di�erene equation (2.2).2.4 Hypergeometri representation.Let us onsider the most general solution of (2.1) in the lattie x(s) = 1qs + 3. In[37℄ has been proved that the most general ase in the exponential lattie is the onewhen �(s) = �A(qs�s1 � 1)(qs�s2 � 1);�(s) + �(s)4 x(s� 12) = �A(qs��s1 � 1)(qs��s2 � 1): (2.25)In this ase, the eigenvalues of the orresponding di�erene equation is given by�n = � �A21 q� 12 (s1+s2+�s1+�s2)[n℄q[s1 + s2 � �s1 � �s2 + n� 1℄q; (2.26)and the polynomial solutions of (2.1) an be represented as q-hypergeometri funtions[37℄ Pn(s)q =  �A�q1 !nBnq�n2 (�s1+�s2�n�12 )(s1 � �s1jq)n(s1 � �s2jq)n ��3F2 �n; s1 + s2 � �s1 � �s2 + n� 1; s1 � ss1 � �s1; s1 � �s2 ; q; q 12 (s�s2)! = (2.27)

=  � �A�q1 !nBnq�n2 (s1+s2+n�12 )(s1 � �s1jq)n(s2 � �s1jq)n ��3F2  �n; s1 + s2 � �s1 � �s2 + n� 1; s� �s1s1 � �s1; s2 � �s1 ; q; q 12 (s��s2)! ; (2.28)6



or, in terms of the basi hypergeometri series [37℄Pn(s)q = Bn �A1(q 12 � q� 12 )!n q�n(n�1)4 �ns1(qs1��s1 ; q)n(qs1��s2 ; q)n��3'2  q�n; qs1+s2��s1��s2+n�1; qs1�sqs1��s1 ; qs1��s2 ; q ; qs�s2+1! = (2.29)
= Bn � �A1(q 12 � q� 12 )!n q� 3n(n�1)4 �n(s1+s2��s1)(qs1��s1 ; q)n��(qs2��s1 ; q)n 3'2  q�n; qs1+s2��s1��s2+n�1; qs��s1qs1��s1 ; qs2��s1 ; q ; q! : (2.30)Here, the q-hypergeometri funtion is de�ned byrFp� a1; a2; :::; arb1; b2; :::; bp ; q ; z� = 1Xk=0 (a1jq)k(a2jq)k � � � (arjq)k(b1jq)k(b2jq)k � � � (bpjq)k zk(1jq)k h��kq q 14k(k�1)ip�r+1;(2.31)where (ajq)k is a q-analogue of the Pohhammer symbol(ajq)k = k�1Ym=0[a+m℄q = ~�q(a+ k)~�q(a) ; (2.32)and ~�q(x) is the q-analogue of the gamma funtion introdued in [34, 37℄. Notie thatthe above de�nition for the q-hypergeometri funtion is di�erent from the one intro-dued in [37℄ by a fator ���kq q 14k(k�1)�p�r+1, whih should be inluded in order to get\good" limit transitions. Notie also that it oinides with the Nikiforov-Uvarov onewhen r = p+ 1.The q-basi hypergeometri series is de�ned by [25℄r'p� a1; a2; :::; arb1; b2; :::; bp ; q ; z� = 1Xk=0 (a1; q)k � � � (ar; q)k(b1; q)k � � � (bp; q)k zk(q; q)k h(�1)kq k2 (k�1)ip�r+1 ; (2.33)where (a; q)k = k�1Ym=0(1� aqm); (2.34)These two funtions are related to eah other by formula [37℄p+1'p qa1 ; qa2 ; :::; qap+1qb1 ; qb2 ; :::; qbp ; q ; z! = p+1Fp a1; a2; :::; ap+1b1; b2; :::; bp ; q ; t! �����t = t0 ;where t0 = z q 12�Pp+1i=1 ai�Ppi=1 bi�1�. The Gamma funtion ~�q(s), is losed related withthe lassial q�Gamma funtion �q(s) [25℄ de�ned by�q(s) = 8>>>>>>>>><>>>>>>>>>: (1� q)1�s 1Yk=0(1� qk+1)1Yk=0(1� qs+k) ; 0 < q < 1q (s�1)(s�2)2 �q�1(s); q > 1 ; (2.35)
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by the expression [34℄ ~�q(s) = q� (s�1)(s�2)4 �q(s): (2.36)Notie that ~�q(s+ 1) = [s℄q~�q(s), whereas �q(s+ 1) = qs � 1q � 1 �q(s) = q s�12 [n℄q�q(s).The above representations (2.27)-(2.30) also follow from the Eq. (2.24) substituting(2.25) and doing some operations similar to those in [37℄.2.5 The orthogonality property and three-term reurrene relation.2.5.1 The orthogonality relationIn [22, 34, 37℄ has been shown that the polynomial solutions Pn(x(s))q � Pn(s)q ofthe di�erene equation (2.2) satisfy an orthogonality property of the formb�1Xsi=aPn(x(si))qPm(x(si))q�(si)4 x(si � 12) = Ænmd2n; si+1 = si + 1; (2.37)where �(x) is a solution of the Pearson-type equation (2.11) or (2.23), and it is anon-negative funtion (weight funtion), i.e.,�(si)4 x(si � 12) > 0 (a � si � b� 1);supported on a ountable subset of the real line [a; b℄ (a; b an be �1), providing thatthe ondition �(s)�(s)xk(s� 12)�����s=a;b = 0; k = 0; 1; 2; ::: ; (2.38)holds [37℄. In fat, substituting in (2.23) the expressions (2.25), we obtain for the weightfuntion (formally) the expression�(s) = �q(s� �s1)�q(s� �s2)�q(s� s1 + 1)�q(s� s2 + 1) ;i.e., �(s) is a ratio of the Gamma funtions ~�q(s� si + 1) and ~�q(s+ �si +1) (i = 1; 2),so it is a funtion whih has only simple poles, and then we an always �nd a ontourC in order to apply the Cauhy formula in (2.20).In (2.37) d2n denotes the square of the norm of the orresponding orthogonal poly-nomials (with disrete orthogonality relations). In order to alulate it we an use theexpression dedued in [34, Chapter 3, Setion 3.7.2, pag. 104℄ (see also [1, Theorem5.4℄) d2n = (�1)nAnnB2n b�n�1Xs=a �n(s)4 xn(s� 12 ): (2.39)If there exists a ontour � suh that, instead of (2.38), the onditionZ�4[�(z)�(z)xk(z � 12 )℄ dz = 0; 8k = 0; 1; 2; ::: ; : (2.40)holds, then, the polynomials satisfy a ontinuous orthogonality relation of the form[14, 17, 34, 37℄ Z� Pn(z)Pm(z)�(z)4 x(z � 12 ) dz = 0; n 6= m:8



In some ases it is possible to hoose the ontour � in suh a way that the aboverelation beomes an orthogonality relation on the real line. Using the above method,Atakishiyev and Suslov proved in a very easy way the orthogonality of the Askey-Wilsonpolynomials [17℄. In this work we will not onsider suh a kind of orthogonality. Formore details see [11, 13, 14, 17, 26, 37℄, among others.2.5.2 The three-term reurrene relation.A simple onsequene of (2.37) is the fat that the q-orthogonal polynomials satisfya three-term reurrene relations (TTRR) of the formx(s)Pn(s)q = �nPn+1(s)q + �nPn(s)q + nPn�1(s)q; (2.41)with the initial onditions P�1(s)q = 0 and P0(s)q = 1.In order to alulate the oeÆients �n, �n, and n, we will substitute the poly-nomial Pn(s)q = anxn(s) + bnxn�1(s) + � � � in (2.41) (an is usually alled the leadingoeÆient of the polynomial Pn(s)q). Then, equating the oeÆients for the powersxn(s) and xn�1(s), we �nd expressions for �n and �n, respetively. To obtain n, weare onstrained to use the orthogonality property of the polynomials Pn(s)q,n = b�1Xsk=a x(sk)Pn(sk)Pn�1(sk)�(sk)4 x(sk � 12 )d2n�1 :So we obtain the expressions�n = anan+1 ; �n = bnan � bn+1an+1 ; n = an�1an d2nd2n�1 : (2.42)Sometimes, the omputation of bn and then the �n an be very umbersome, so if weknow �n and n and Pn(a) 6= 0 for all n, we an use (2.41) whih gives us�n = x(a)Pn(a)� �nPn+1(a)� nPn�1(a)Pn(a) :3 Some onsequenes of the Rodrigues-type formula.3.1 The onnetion between the leading oeÆient an and the Ro-drigues oeÆient Bn.First of all, we will obtain an expression for the leading oeÆient an of the polyno-mial Pn(s)q. Notie that4xn(s)4x(s) = [n℄qxn�1(s+ 12) + � � � ; so 4(n) [xn(s)℄ = [n℄q! :Then, we have in one hand, 4(n)P (n)n (s) = [n℄q!an, and on the other, by using (2.15),4(n)Pn(s)q = BnAnn, so taking into aount expression (2.16) we �nally obtain (a0 =B0) an = Bn n�1Yk=0( q 12 (n+k�1) + q� 12 (n+k�1)2 ! ~� 0 + [n+ k � 1℄q ~�002 ) : (3.1)9



3.2 The di�erentiation formulas.Let us now obtain the di�erentiation formulas for the q-polynomials. From formulas(2.11) and (2.12), we �nd5�n+1(s)5xn+1(s) = 5[�n(s+ 1)�(s+ 1)℄5xn(s+ 12) = 4[�(s)�n(s)℄4xn(s� 12) = �n(s)�n(s):Then by using the Rodrigues-type formula (2.17), we obtainPn+1(s)q = Bn+1�(s) 5(n+1) [�n(s)℄ = Bn+1�(s) 5(n) 5�n+1(s)5xn+1(s) == Bn+1�(s) 5(n) [�n(s)�n(s)℄ = Bn+1�(s) � ÆÆx(s)�n [�n(s� n2 )�n(s� n2 )℄: (3.2)In order to obtain an expression for h ÆÆx(s)in [�n(s)�n(s)℄, we an use the q-analogueof the Leibnitz formula on the non-uniform latties� ÆÆx(s)�n [f(s)g(s)℄ = nXk=0 [n℄q![k℄q ![n� k℄q !��(� ÆÆx(s+ n�k2 )�k [f(s+ n�k2 )℄)(� ÆÆx(s � k2 )�n�k [g(s� k2 )℄) ; (3.3)whih an be proved by indution. Next, sineÆ�n(s� n2 + n�12 )Æx(s+ n�12 ) = � 0n; " ÆÆx(s+ n�k2 )#k [�n(s� n2 + n�k2 )℄ = 0; 8k � 2;then, Eq. (3.2) transformsPn+1(s)q = Bn+1�(s) ��0��n(s) � ÆÆx(s)�n [�n(s� n2 )℄ + [n℄q� 0n " ÆÆx(s� 12 )#n�1 [�n(s� n2 � 12 )℄1A : (3.4)Now we use the Rodrigues-type formula (2.18)5Pn(s)q5x(s) = 4Pn(s� 1)q4x(s� 1) = ��nBn�1(s� 1) 5(n)1 �n(s� 1) == ��nBn�(s)�(s) " ÆÆx(s� 12)#n�1 [�n(s� n2 � 12)℄:This leads to the expression,Pn+1(s)q = Bn+1�n(s)Bn Pn(s)q � [n℄qBn+1� 0n�(s)�nBn 5Pn(s)q5x(s) ;and then, the following di�erentiation formula holds�(s)5Pn(s)q5x(s) = �n[n℄q� 0n ��n(s)Pn(s)q � BnBn+1Pn+1(s)q� : (3.5)10



This proof generalizes the one presented in [3℄ to any lattie x(s) = 1qs + 2q�s + 3.Notie that for proving (3.5) we have used only the Rodriges-type formula (2.13). For-mula (3.5) has been also obtained in [13℄ by using the integral representation for theq-polynomials as well as some boundary onditions.In order to obtain the seond di�erentiation formula, we an make use of the identity45Pn(s)q5x(s) = 4Pn(s)q4x(s) � 5Pn(s)q5x(s) : (3.6)Then, by using the di�erene equation (2.2), the equation (3.5) gives[�(s) + �(s)4 x(s� 12)℄4Pn(s)q4x(s) == �n[n℄q� 0n �(�n(s)�4x(s� 12 )[n℄q� 0n)Pn(s)q � BnBn+1Pn+1(s)q� : (3.7)3.3 The struture relations in the exponential lattie.Let us obtain the struture relations for the polynomial solutions of (2.2) in thelattie x(s) = 1qs+ 3. In order to do this we substitute the power expansion of �n(s)�n(s) = � 0nxn(s) + �n(0) = � 0nq n2 x(s) + �n(0)� � 0n3(q n2 � 1);in (3.5). Then, using the TTRR (2.41) we obtain the �rst struture relation�(s)5Pn(s)q5x(s) = ~SnPn+1(s)q + ~TnPn(s)q + ~RnPn�1(s)q; (3.8)where~Sn = �n[n℄q �q n2 �n � Bn� 0nBn+1 � ; ~Tn = �n[n℄q �q n2 �n + �n(0)� 0n � 3(q n2 � 1)� ;~Rn = �nq n2 n[n℄q : (3.9)To obtain the seond struture relation we transform (3.8) with the help of (3.6). Then,using the fat that 4x(s� 12) = �qx(s)� 3�q, as well as the di�erene equation (2.2)and the TTRR (2.41) one gets[�(s) + �(s)4 x(s� 12)℄4Pn(s)q4x(s) = SnPn+1(s)q + TnPn(s)q +RnPn�1(s)q; (3.10)whereSn = ~Sn � �n�n�q; Tn = ~Tn � �n�n�q + 3�n�q; Rn = ~Rn � n�n�q; (3.11)or, using (3.9),Sn = �n[n℄q �q�n2 �n � Bn� 0nBn+1 � ; Tn = �n[n℄q �q�n2 �n + �n(0)� 0n � 3(q�n2 � 1)� ;Rn = �nq�n2 n[n℄q : (3.12)
11



3.4 A di�erene-reurrene relation in the exponential lattie.In the present setion we will prove that the q�polynomials on the exponential lattiesatisfy a relation of the formPn(s)q = Ln4Pn+1(s)q4x(s) +Mn4Pn(s)q4x(s) +Nn4Pn�1(s)q4x(s) ; (3.13)where Ln, Mn and Nn are some onstants.To prove (3.13) we apply the operator 44x(s) on both sides of (3.8), and then use theseond order di�erene equation (2.2) in whih we will hange the operator 44x(s� 12 ) bythe equivalent one (only in the exponential lattie) q 12 44x(s) . This is possible beausefor the exponential lattie the following identity holds q� 12 4 x(s) = 4x(s� 12). Thus,�q 12 4�(s)4x(s) � �(s)� 4Pn(s)q4x(s) � �nPn(s)q == q 12 ~Sn4Pn+1(s)q4x(s) + q 12 ~Tn4Pn(s)q4x(s) + q 12 ~Rn4Pn�1(s)q4x(s) : (3.14)Next, we use the fat that �(s) and �(s) are polynomials of seond and �rst degree,respetively. Let�(s) = �002 x2(s) + �0(0)x(s) + �(0); and �(s) = � 0x(s) + �(0): (3.15)Sine, x(s + 1) = q x(s) � 3(q � 1), and using (3.15) we onlude that 4�(s)4x(s) is apolynomial of �rst degree in x(s). Then�q 12 4�(s)4x(s) � �(s)� = Ax(s) +B;whereA = �002 (1 + q)q 12 � � 0; and B = q 12�0(0)� �002 3q 12 (q � 1)� �(0); (3.16)and (3.14) beomesAx(s)4Pn(s)q4x(s) � �nPn(s)q == q 12 ~Sn4Pn+1(s)q4x(s) + q 12 ~Tn4Pn(s)q4x(s) + q 12 ~Rn4Pn�1(s)q4x(s) �B4Pn(s)q4x(s) : (3.17)Now we use the TTRR (2.41) to eliminate the term x(s)4Pn(s)q4x(s) . In fat, if we applythe operator 44x(s) to both sides of (2.41) and use again the identity x(s+1) = q x(s)�3(q � 1), we getqx(s)4Pn(s)q4x(s) = �n4Pn+1(s)q4x(s) + [�n + 3(q � 1)℄ 4Pn(s)q4x(s) + n4Pn�1(s)q4x(s) � Pn(s)q:12



If we now multiply (3.17) by q and make use of the above equation, we �nally obtain[A+ q�n℄Pn(s)q = h�nA� q 32 ~Sni 4Pn+1(s)q4x(s) ++ h�nA+ 3A(q � 1) + qB � q 32 ~Tni 4Pn(s)q4x(s) + hnA� q 32 ~Rni 4Pn�1(s)q4x(s) ; (3.18)whih is of the form (3.13) if A+ q�n 6= 0.To onlude this setion notie that the expression (3.13) an also be obtained byusing, with some modi�ations, the method given in [32℄.4 The q-analogues of the lassial disrete polynomialson the exponential lattie x(s) = qs.In this setion we will onsider some q-analogues of the Hahn, Meixner and Kravhukpolynomials in the exponential lattie x(s) = qs. These polynomials were onsideredby other authors [19, 39℄ using the Nikiforov et al. approah. In this setion we willintrodue them in an unify way from Eqs. (2.27)-(2.30) and their limits (see belowfor more details), i.e., we will identify these q-Hahn, q-Meixner and q-Kravhuk withertain q-hypergeometri series whih have not been done in [19, 39℄. The ase of aq-analogue of the Charlier polynomials will be onsidered with more details in the nextsetion.4.1 The q-Hahn polynomials h�;�n (s;N)q.The q-Hahn polynomials, from the point of view of [34℄, have been studied in [39℄. Ifwe hoose in (2.27) and (2.29) the parametersx(s) = qs ! 1 = 1; 3 = 0; Bn = (�1)nq n2 �nq [n℄q! ;s1 = 0; s2 = N + �; �s1 = �� � 1; �s2 = N � 1; �A = �qN+�;we reover the q-Hahn polynomials [26, 39℄h�;�n (s;N)q = (� + 1jq)n(1�N jq)nq�n2 (2�+�+N+n+12 )[n℄q! 3F2 �n;�s; n+ �+ � + 1� + 1; 1 �N ; q; q 12 (s�N��)! == (� + 1jq)n(N + �+ � + 1jq)nq n2 (N+�+n(n+1)2 )[n℄q! 3F2  �n; s+ � + 1; n+ �+ � + 1� + 1; N + �+ � + 1 ; q; q 12 (s+1�N)! ;or,h�;�n (s;N)q = (�1)nqn(�+N)(q�+1; q)n(q1�N ; q)n�nq (q; q)n 3'2  q�n; q�s; qn+�+�+1q�+1; q1�N ; q; qs�N��+1! == (q�+1; q)n(qN+�+�+1; q)nq n2 (2�+n+1)�nq (q; q)n 3'2 q�n; qs+�+1; qn+�+�+1q�+1; qN+�+�+1 ; q; q! :13



In this ase, using (2.26), we �nd for �n the expression�n = q 12 (�+�+2)[n℄q[n+ �+ � + 1℄q;and (2.37) holds in the interval [0; N � 1℄ where�(s) = q �4 (�+2N+2s�3)+�4 (�+2s�1) ~�q(�+N � s)~�q(� + s+ 1)[N � s� 1℄q![s℄q! ; �; � � �1 ; n � N�1 ;andd2n = q 12N(N�1)+ 12 (N�1)(2�+�+N)q���N� 14�(�+1)� 12n(�+��2) �q~�q(� + n+ 1)~�q(� + n+ 1)~�q(�+ � +N + n+ 1)[n℄q![N � n� 1℄q!~�q(�+ � + n+ 1)~�q(�+ � + 2n+ 2) :4.2 The q-Meixner, q-Kravhuk polynomials.From (2.27) or (2.29), and taking the limits q�si ! 0 or q��si ! 0, i = 1; 2, it ispossible to �nd di�erent families of q-polynomials. In [37℄, 9 di�erent possibilities havebeen onsidered. Here we will study only 2 of them, i.e., the ases orresponding to theq-Meixner, q-Kravhuk, respetively. The q-analogue of the Charlier polynomial willbe introdued in the next setion.Taking the limit qs2 ! 0; q�s2 ! 0, and hoosing �A = A1qs2 , s2 � �s2 = Æ + 1, theexpression (2.25) beomes�(s) = A1qs(qs�s1 � 1); �(s) + �(s)4 x(s� 12) = A1qÆ+1qs(qs��s1 � 1): (4.1)Then, (2.27) and (2.29) lead us toPn(s)q = �A11 �nBnq n(n+1)2 +nÆ(s1 � �s1jq)n �� 3F1  �n; s1 � �s1 + Æ + n; s1 � ss1 � �s1 ; q; q 12 (s�s1�Æ�1)! ; (4.2)andPn(s)q = Bn0��A1q (n�1)4 +Æ+11(q 12 � q� 12 ) 1An (qs1��s1 ; q)n 3'1 q�n; qs1��s1+Æ+n; qs1�sqs1��s1 ; q ; qs�s1�Æ! ;respetively. In this ase, taking limits on the expression (2.26) we �nd�n = �A121 q� 12 (s1+�s1�Æ�1)[n℄q[s1 � �s1 + Æ + n℄q: (4.3)4.2.1 The q-Meixner polynomials m;�n (s; q).Let A1 = 1, Bn = ��n, s1 = 0, �s1 = �, qÆ = �. Then Eqs.(4.2) and (4.2) de�ne aq-analogue of the Meixner polynomialsm;�n (s; q) = q n(n+1)2 (jq)n 3F1  �n;  + Æ + n;�s ; q; q 12 (s�Æ�1)! ;14



m;�n (s; q) = (�1)n0� q (n+3)4(q 12 � q� 12 )1An (q ; q)n3'1 q�n; �q+n; q�sq ; q ; ��1qs! :In this ase (4.1) and (4.3) beome�(s) = qs(qs � 1); �(s) + �(s)4 x(s� 12 ) = �qs+1(qs+ � 1); (4.4)and �n = [n℄q q� (n�1)2 � �q (n+1)2 +�q ; (4.5)respetively. Finally, the Pearson-type equation leads us to the weight funtion�(s) = �s�q( + s)�q()�q(s+ 1) ;  > 0 ; 0 < � < 1 ;so that, (2.37) holds in the interval [0;1) andd2n = q 12n(6�n)�n+1q (jq)n�q( + Æ + 2n)�q(n+ 1)(��q2n++1; q)1�n�q( + Æ + n)(��qn+1; q)1 :These Meixner q�polynomials oinide with those studied in [19℄. Notie also that theseq�analogues of the Meixner polynomials m;�n (s; q) are the q-little Jaobi pn(x; a; bjq)polynomials [25, 26℄, i.e., m;�n (s; q) = pn(qs;�; q�1jq).4.2.2 The q-Kravhuk polynomials k(p)n (s; q).Analogously, from (4.2) and (4.2), but now hoosingA1 = �1; Bn = (�1)n (1� p)n[n℄q! ; s1 = 0; �s1 = N; qÆ = � p1� pqN ;we �nd a q-analogue of the Kravhuk polynomialsk(p)n (s; q) = (�1)npn q n(n+1)2 +Nn (�N jq)n[n℄q! �� 3F1 �n;�N + Æ + n;�s�N ; q; q 12 (s�Æ�1)! ;k(p)n (s; q) = (�1)n �p q (n+3)4 +N�n (q�N ; q)n(q; q)n 3'1 q�n; pp�1qn; q�sq�N ; q ; p� 1p qN+s! :Notie that(�1)n �p q (n+3)4 +N�n (q�N ; q)n(q; q)n = �p q 3(n+1)4 �n �q(N + 1)[n℄q!�q(N � n� 1) :In this ase we have�(s) = qs(1� qs); �(s) + �(s)4 x(s� 12) = p1�pqs+1+N (1� qs�N ); (4.6)�n = �[n℄q p1�pq (n+1)2 + q� (n�1)2�q ; (4.7)15



and (2.37) holds in the interval [0; N ℄ where�(s) = � p1� p�s q 12 s(s+1)[N ℄q!�q(N + 1� s)�q(s+ 1) ; 0 < p < 1 ;andd2n = q 12n(n+�+2)�qpn(1� p)n[n+ � � 1℄q![4n+ 2� � 2℄q!!( p1�pq2n+1; q)(N�n)[n℄q![2n+ � � 1℄q![2n+ 2� � 2℄q!!�q(N � n+ 1) ; q� = p1�p :These polynomials where studied in detail in [19℄.5 q-Charlier polynomials.In the previous setion we have obtained some q�analogues of the Hahn, Meixner andKravhuk lassial polynomials on the general exponential lattie with speial emphasisin the lattie x(s) = qs. Here we will onsider the fourth family, i.e., a q�analogue ofthe Charlier polynomials.Firstly, we take the limits qs2 ! 0; q�s1 ! 0; q��s2 ! 0, and hoose the othersparameters as �A = A1qs2 , s2 � �s1 = Æ + 1 + i�log q . Then, (2.25) beomes�(s) = A1qs(qs�s1 � 1); �(s) + �(s)4 x(s� 12 ) = A1qÆqs+1; (5.1)and (2.27) and (2.29) transforms intoPn(s)q =  A1�q1!nBnq n(n+3)4 +nÆ 2F0  �n; s1 � s� ; q;�q 12 (s�s1�n�1)�Æ! ; (5.2)Pn(s)q =  A1�q1!nBnq n(n+3)4 +nÆ 2'0 q�n; qs1�s� ; q ; �qs�s1�Æ! ; (5.3)Finally, from (2.26) one gets �n = A1�q21 q�s1�n�12 [n℄q: (5.4)5.1 The q-Charlier polynomials in the lattie x(s) = qs.Let us now introdue the q-Charlier polynomials in the lattie x(s) = qs. In order todo that we hoosex(s) = qs; A1 = 1; Bn = ��n; s1 = 0; qÆ = (q � 1)� :Then, formulas (5.2) and (5.3) give us(�)n (s; q) = q n(n+5)4 2F0  �n;�s� ; q;�q 12 (s�n�1)(q � 1)� ! ;(�)n (s; q) = q n(n+5)4 2'0  q�n; q�s� ; q ; � qs(q � 1)�! ;respetively. Moreover, (4.1) and (4.3) lead us to the expressions16



�(s) = qs(qs � 1); �(s) + �(s)4 x(s� 12) = �(q � 1)qs+1; (5.5)and �n = q�n�12�q [n℄q: (5.6)Finally, for the weight funtion �(s), the Pearson-type di�erene equation (2.23) gives�(s) = �seq[(1� q)�℄�q(s+ 1) ; 0 < (1� q)� < 1; (5.7)where eq[z℄ denotes the q- exponential funtion [25℄ de�ned byeq[z℄ = 1Xk=0 zk(q; q)k = 1(z; q)1 ; and (z; q)1 = 1Yk=0(1� zqk): (5.8)These polynomials were partially studied in [1℄.Main harateristis of the q�Charlier polynomials in the lattie x(s) = qs.Using the formulas obtained in the above Setions we an �nd the main propertiesof the q-Charlier polynomials. They are given in Table 1.Table 1: Main data for the q-Charlier polynomials in the lattie x(s) = qs.Pn(s)q (�)n (s; q) ; x(s) = qs(a; b) (0;1)�(s) �seq [(1� q)�℄�q(s+ 1) ; � > 0; 0 < (1 � q)� < 1�(s) qs(qs � 1)�(s) ��1q �q(q � 1) + 1� ��1q qs�n(s) � q�n�q xn(s) + �qn+ 32 �q + 1q n2 �q�n [n℄qq� (n�1)2 ��1qBn ��nd2n (f1 � qg�; q)n+1 �q[n℄q!q n4 (n�9)�n = eq [(1� q)qn+1�℄eq[(1� q)�℄ �q[n℄q !q n4 (n�9)�n�n(s) �s+n�nq q n2 (n+2s+2)eq[(1� q)�℄�q(s+ 1)an (�1)n�nq �n q� 3n4 (n�1)
Expliit Formula.(�)n (s; q) = (�1)n [n℄q!�n nXm=0 (�1)mqm2 (n+1)�n4 (n�3)�m�q(s+ 1)[m℄q![n�m℄q!�q(s+ 1� n+m) :17



Table 1: Main data for the q-Charlier polynomials in the lattie x(s) = qs (ont.)Pn(s)q (�)n (s; q) ; x(s) = qs�n ���qq 32n�n 1 + �qq2n+32 n�+ q� 3(n+1)2 [n℄q (1� �(1 � q)qn)on �qn+1�q [n℄qf1� �(1 � q)qng~Sn �q n+12 (1� qn)~Tn [n℄qq n+12 f1� �qn(1� q)g � �qn+2 (1� qn)~Rn �qn+32 [n℄q (1� �(1 � q)qn)Sn 0Tn ��(1� q)[n℄qq n+12Rn �q 32 [n℄q (1� �(1 � q)qn)Ln � �qn�q[n+ 1℄qMn �q n+12 (qn+1 � 1)�q[n+ 1℄qNn 0Speial Values (�)n (0; q) = q n4 (n+5):Di�erentiation formulas.(qs � 1)5 (�)n (s; q) = �(q � 1)q n�12 (�)n+1(s; q)� h1 + �(q � 1)qn+1 � qsi (�)n (s; q):�(q � 1)4 (�)n (s; q) = �q n�12 (�)n+1(s; q)� h1 + �(q � 1)qn+1 + qs�ni (�)n (s; q):Notie that if we take the limit q ! 1, we will not reover the main data for thelassial Charlier polynomials. For this reason we will introdue a di�erent q�analogueof the Charlier polynomials, but in the lattie x(s) = qs�1q�1 .5.2 The q�Charlier polynomials in the lattie x(s) = qs�1q�1 .To avoid the problem ommented below, we hoose nowx(s) = qs � 1q � 1 ; A1 = 1q � 1 ; 1 = �3 = 1q � 1 Bn = ��n; s1 = 0; qÆ = (q�1)� :Then, formulas (5.2) and (5.3) give us 18



Table 2: Main data for the q-Charlier polynomials in the lattie x(s) = qs�1q�1 .Pn(s)q (�)n (s)q ; x(s) = qs�1q�1(a; b) [0;1)�(s) �seq [(1� q)�℄�q(s+ 1) ; � > 0; 0 < (1 � q)� < 1�(s) qsx(s)�(s) �q 32 � q 12 x(s)�n(s) �q�n+12 xn(s) + �q n2 +32 + q� 34n[n2 ℄q�n [n℄qq� (n�2)2Bn ��nd2n (f1 � qg�; q)n+1 [n℄q!q n4 (n�9)+ 12 �n = eq [(1� q)qn+1�℄eq[(1� q)�℄ [n℄q !q n4 (n�9)+12 �n�n(s) �s+nq n2 (n+2s+1)eq[(1� q)�℄�q(s+ 1)an (�1)n�n q� 3n4 (n�1)+n2
(�)n (s)q = q n(n+5)4 2F0  �n;�s� ; q;�q 12 (s�n�1)(q � 1)� ! ;and (�)n (s)q = q n(n+5)4 2'0  q�n; q�s� ; q ; � qs(q � 1)�! ;respetively. The funtions �(s) and �(s) and �n are de�ned now by relations�(s) = qs �qs�1q�1 � ; �(s) + �(s)4 x(s� 12) = �qs+1; �n = q�n2+1[n℄q: (5.9)Finally, for the weight funtion �(s), the Pearson-type di�erene equation (2.11) gives�(s) = �seq[(1� q)�℄�q(s+ 1) ; 0 < (1� q)� < 1: (5.10)where eq[z℄ was given in (5.8).Notie that with the present hoie of parameters the hypergeometri representationremains the same but the oeÆients of the seond order di�erene equation �(s), �(s)and �n tend, when q ! 1, to the orresponding oeÆients of the lassial Charlierpolynomials, and the the lattie funtion x(s) = qs�1q�1 beomes the linear one.Main harateristis of the q�Charlier polynomials in the lattie x(s) = qs�1q�1 .Again, using the formulas obtained in the above Setions we obtain the properties ofthe q-Charlier polynomials (see table 2). 19



Table 2: Main data for the q-Charlier polynomials in the lattie x(s) = qs�1q�1 (ont).Pn(s)q (�)n (s)q ; x(s) = qs�1q�1�n ��q 32n� 12�n �q2n+1 + [n℄q f1� �(1 � q)qng q n�12n �qn+12 [n℄qf1� �(1 � q)qng~Sn �q n+12 (1� qn)~Tn [n℄qq n+12 f1� �(1 � q)qng � �qn+2(1� qn)~Rn �qn+32 [n℄q f1� �(1 � q)qngSn 0Tn ��(1� q)[n℄qq n+12Rn �q 32 [n℄q f1� �(1 � q)qngLn � �qn� 12[n+ 1℄qMn �q n2 (qn+1 � 1)[n+ 1℄qNn 0Expliit Formula.(�)n (s; q) = (�1)n[n℄q!�n nXm=0 (�1)mqm2 (n+1)�n4 (n�3)�m�q(s+ 1)[m℄q![n�m℄q!�q(s+ 1� n+m) :Speial Values (�)n (0)q = q n4 (n+5):Di�erentiation formulas.qs � 1q � 1 5 (�)n (s; q) = �q n�12 (�)n+1(s; q)� ��qn+1 � qs � 1q � 1 � (�)n (s; q):�4 (�)n (s; q) = �q n�12 (�)n+1(s; q) + "qs�n � 1q � 1 � �qn+1# (�)n (s; q):As we already pointed out, all harateristis of these q�Charlier polynomials tendto the orresponding harateristis of the lassial ones when q tends to 1, whihdoesn't happens in the previous ase (lattie x(s) = qs, see Table 1). So, these polyno-mials are more natural q�analogues of the lassial ones, and the exponential lattiex(s) = qs�1q�1 is a more natural lattie than the previous one x(s) = qs. Moreover,the hypergeometri representation for the q-Charlier polynomias in both latties is the20
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