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Abstract

We consider the perturbation of the classical Bessel moment functional by the addition of the
linear functional Myd(z) + M16'(z), where My and M; € IR. We give necessary and sufficient
conditions in order for this functional to be a quasi-definite functional. In such a situation we
analyze the corresponding sequence of monic orthogonal polynomials BY:Mo-M1(z). In particular,
a hypergeometric representation (4F») for them is obtained.

Furthermore, we deduce a relation between the corresponding Jacobi matrices, as well as the
asymptotic behavior of the ratio B2Mo-Mi(z)/B%(z), outside of the closed contour T' containing
the origin and the difference between the new polynomials and the classical ones, inside I'.

1 Introduction.

In this paper we will study a generalization of the Bessel polynomials [8], [6], which results when we per-
turb the classical Bessel moment functional by the addition of the linear functional Myd(z)+ M, (),
where My and M; € R. If M; = 0, the corresponding sequence of orthogonal polynomials has been
studied by E. Hendriksen [7] in the framework of rational approximation and by F. Marcelldn and P.
Maroni [10] in the theory of semi-classical orthogonal polynomials. There the corresponding second
order differential equation is deduced.

When My = 0 and M; > 0, a general theory is introduced in [5], but unfortunately only one example
based in Hermite polynomials is considered.

Later on, in [1]-[2] the perturbation of the Laguerre linear functional by the addition of a linear func-
tional Myd(z) + M1d'(x) is analyzed. There, the authors study asymptotic properties of the related
orthogonal polynomials, the distribution of their zeros, the hypergeometric representation, and the
second order differential equation that such polynomials satisfy.

In [3] the bounded case is studied, i.e., the perturbation of the Jacobi moment functional in the form,
1
<U,P>= / P(2)(1 — 2)*(1 + 2)% dz + AgP(1) + BoP(—1) + A, P'(1) + B P'(=1), (1)
-1
where P € IP (linear space of polynomials with real coefficients), o, 3 > —1 and Ay, By, A1, B1 € R. We
give necessary and sufficient conditions in order for i/ to be a quasi-definite moment functional. In such

a situation we analyze the corresponding sequence of monic orthogonal polynomials P,‘j"ﬂ A0,B0,ALBL (7).
In particular, a hypergeometric representation (4Fjs), the three-term recurrence relation, the second



order differential equation and a symmetry property are also obtained.
The interest of the Bessel-type orthogonal polynomials is twofold.

First, they are related with a quasi-definite moment functional. As a consequence, positivity does
not play the main role as in the standard cases. Thus, the existence of a sequence of orthogonal
polynomials is not guaranteed.

Second, it is well known that zeros of orthogonal polynomials are eigenvalues of a Jacobi symmetric
matrix. Now, the real symmetry is lost and the properties of zeros change very much in the sense that
a new distribution appears.

The structure of the paper is as follows. In Section 2 we list some of the main properties of the classical
Bessel polynomials which will be used later on. In Section 3 we define the generalized polynomials
and find some of their properties. In Section 4 we obtain the representation of the generalized Bessel
polynomials in terms of the hypergeometric functions. In Section 5 we obtain an asymptotic formula
for these polynomials and in Section 6 we establish their quasi-orthogonality. Finally, in Sections
7 and 8 we obtain the three-term recurrence relation that such polynomials satisfy as well as the
corresponding Jacobi matrices.

2 Bessel polynomials.

In this section we have enclosed some formulas for the Bessel polynomials {Bj(z)}3° which will be
useful to obtain the generalized polynomials orthogonal with respect to the quasi-definite moment
functional (see Eq. (21) below). All the formulas and properties for the classical Bessel polynomials
can be found in [6] and [12]. In this work we will use monic polynomials, i.e., polynomials with leading
coefficients equal to 1.

The Bessel polynomials are the polynomial solution of the second order linear differential equation
(SODE) of hypergeometric type

o(@)y"(z) + 7(2)y () + Any(z) = 0, (2)

where

o(z) =22, 71(z)=[(@4+2)24+2], I=-n(n+a+1l). (3)

They are orthogonal with respect to the quasi-definite moment functional L, associated with the
weight function pg, on the linear space IP of polynomials with real coefficients defined by

<@£ub:AP@ﬁ@M,PeP (4)

Here the integration is around the unit circle T' or around some closed contour in € containing the
origin, and

a( ) 2a+1 i (_2)m 7& 1 ) 3 5
z) = a#—1,-2, -3, ...
" 2 T+ a+ e ©)
The orthogonality relation is

1

o7 | BRGBE ()6 () = d2n, (6)

where
(—1)”+122”+°‘+1F(n+o¢+ 1)n!

d2: B% 2:
n = 1B @) = T T en 1 a +2)




They satisfy the differential relation

L By(a) =nBy @) (¥

Now, from the structure relation

d 2 dn(n + «)
2 « « o
B (z) = — B B 9
dz (z) = n[x 2n+o¢} n(@) + (2n + a)?2(2n +a —1) n—1(2), )
and the three-term recurrence relation,
2By (z) = By (2) + 6o By (2) + v, By (2), nz=1, (10)
with
o 2 o 4n(n + )
Bn = - y  Tn = ) ) (11)
(2n+ a)(2n + a + 2) Cn+a+1)2n+ a)?2n+a—1)
and 5
Bj(z) =1, B?()—I"'?
we deduce
(2n+a)?’(2n+a—1) , , (2n+a)?(2n+a—1) 2 ]
o = BY —z| BY 12
n—l(I) 4n(n+a) T ( n) (:l?) + 4(n+a) m+a T n(I)a ( )

which allows us to express the Bessel kernels in a polynomial form. If we take derivatives in the above
formula we obtain,

0 v B (2n+a)2(2n+a—1) o 2% 2 o x2 o
(B (@) = - S [Bn<x>+(x—;—m) (B2 (@) - = (B3) (m)]. (13)

The Christoffel-Darboux formula for Bessel polynomials BY(x) is

_ N Bile °‘( ) _ 1 Bi(®)Bp i(y) = Bi 1 (#)Byly)  _
e (z,9) _Z:: = n— d7211n n n=1,2,3,.... (14)
Through the work we will denote by
orta " (Bp)”(2)(By) " (y)
Kg(pﬂ)(x,y) = aa;Payqu(x,y) = n;o d?n , (15)

the kernels of the Bessel polynomials, as well as their derivatives with respect to z and ¥, respectively.

The explicit representation of these polynomials is

2" " n z\F 2"
BY = — - 1 — By0) = —>0
2(o) (a+n+1)n,§<k>(n+a+ (3) - BO = >0 (19
or, equivalently, in terms of hypergeometric series
2m —n,n+a+1 T
By(z) = ————— oF ’ -3 1
n () (+n+1), > 0( — 2)’ (17)
with i
1,09, ..., = (a1)k(a2)k - - (ap)k =
F 9 9 )y p T — P —_— 18
P q( b17b27"'7bq ) k;) (bl)k(bQ)k (b )k k' ( )




Here (a); denotes the shifted factorial or Pochhammer’s symbol:

Fa+k)

(@)o:=1, () :=ala+1)(a+2) - (a+k—1)= o) :

E=1,23,... .

From the above properties, we deduce the following formulas which will be useful later on:

_ (2n+a)?(2n+a —1)BY(0)
B dn(n + a)d?

n—1

Ky 1(,0) [nBy(z) — 2(By(2))'],

(2n 4+ @)?(2n + o — 1) B2(0)
8n(n + a)d?_,

K2 (2,00 =

X [n2(n + o+ 1)B2(2) — 2+ nln + o + Do) (B2 @), 19)
a(1,1) _ (2n+a)?(2n+a —1)BY(0)
Ky (,0) = 8n(n + a)d2_,
X [nn—1)(n+a+1)(BY(z)) — (2+n(n+ o+ 1)z)(BY(z))"]
and
N _ (2n+a)?(2n+a—1)(B(0))?
Kl (0,0) = 4(n+ a)d?_, ’
a(0,1) _ (2n+a)?’2n+a—1)(n —1)By(0)(By)'(0)
Ky—7(0,0) = dn(n + a)d?_, ’ (20)
a(1,1) _(2n+ a)?@2n+a—1)[n(n—2)(n+a+1)+a+ 2] B2(0)(BX)(0)
Ko7 (0,0) = 8n(n + a)d2_, ’
where on on-1
B (0) = htatl), (By)'(0) = htat2,

3 The definition and orthogonal relation.

Let Ly be the quasi-definite moment functional (4) and {Bg(z)};° the monic Bessel orthogonal poly-
nomial sequence (MOPS) with respect to L. Consider the perturbation £y of Ly given by

< L1, P(z) >= /F P(2)p8(2)dz + MyP(0) — MyP'(0), P €P. (21)

Proposition 1 The perturbed moment functional L1 is quasi-definite if and only if the determinant
of the matriz K, denoted by ASMo-M1 - does not vanish for every n > 0, where

n > 0.

1+ MpKg(0,0) — MK "D (0,0)  —MiKg(0,0)
MoK %Y (0,0) — M K2V (0,0) 1 - M 2OV (0,0) )’

Proof: Assume £; is quasi-definite, and let {B2Mo-M1(7)18 be the MOPS with respect to £;. Then,
we will prove that

[0 (BOMoMi(1))2 < — ApMoM Lo (BY(z))2 S0, (A®MoM _
< L1, ( n (x)) >= A04,1\40,]\41 < 07( n(x)) >, n=0, ( -1 - )7 (22)
n—1



as well as
Bt (@) = BE(a) = MaBE o 0K (2,0) + My(BR YoM Y OV (1,0)+

n—1 n—1

+ M, BeMo-Mi (0) KOV (2. 0),

where B&-Mo-Mi(0) and (BMo-M1)!(() are given by
By Ho-M1(0) -1 B (0)
— >
< (Bg’MO’MI)I(O) Ianl (Bg)/(o) ) n = 17 (24)

oMo, () — 2B2(0) [2 + Mi(n+ a+ 1)K ,(0,0)]

" d4+n(n+a+1)[MiK® (0,0)]> +4[My + M (n —1)(n+ o+ 1)] K> (0,0)
(B y gy — P+ 1B(0) [2n + (2Mo — M, [n? + noc+n—a —1]) K ,(0,0)]

" A4 n(n+a+1)[MK® (0,0)]> +4[My+ M (n—1)(n+a+1)] K> (0,0)

In fact, we can write the Fourier expansion of the generalized Bessel polynomials in terms of the Bessel
polynomials

ie.,

n—1
ByMoMi(z) = BY(z) + Y ankBi(z), n> 1. (25)
k=0
Then we can find the coefficients a, j using the orthogonality of the polynomials B&-Mo:Mi(g) with
respect to Ly, i.e.,
n—1
< Lo, BYMoMi(2)BS (z) > =< Lo, By(z)BX(z) > + Y any < Lo, B () B} (z) >
k=0 (26)

= an,j < Lo, (Bf(x))* >, 0<j<n-—1,

whence Moy () B (2)
< Ly, BEMoM (g B;-l x) >
= 0<j<n—1. 27
ST L B@e s SIS 0
Since
< Ly, ByMoM (2) B (z) >=0, 0<j<n,

< Lo, BYMoMi(2) B (z) > =< Ly, BMoMi(2)BS (z) > — MyBg-MoMi(0) BY(0)—

— My ((BgMoMry (0) B3 (0) + BV (0)(B3)(0)) =

= —MoBMoM(0) B (0) + My (BSMoM) (0)BS(0)+

a,Mo,M «@
+M, B (0)(B5)'(0).

If we use the decomposition (25) and substitute the coefficients a,_ ; according to (27) we obtain an
explicit expression for the generalized Bessel polynomial B%Mo:-M1 (z)
- Bi@

BaMoM() = B2(z) + X
(f) (f) ];) < EO, (B,?(:L‘))2 >

x (_ MyB&Mo-M1(0) B (0) + M, (BSMo-M1)!(0) BE(0) + My BSMo:Mi (0)(31?)’(0)) = (29)

= By (2) — MyByMo M (0) K7 (2, 0) + My (B0 (0) K7 (2, 0)+

n—1

+ M, BeMoM () O (5. ).

n—1



Thus (23) follows. In particular,
[ BpMeMi(0) = BR(0) — MyB oM (0) K (0,0) + My (B MM (0) K (0,0)+

+M; B&Mo-My (0) K25 (0,0),

(30)
(B (0) = Bi(0) = MoBi oM 0) KU (0,0) <+ My (B o2y (0) K 0,00+
\ + My BMe M (0) K2 (0,0),
or, equivalently,
BpMoi0) 1\ _ [ B(0)
o aeniyity ) = ( i ) &
Now,
B BYOBO) L (B0)
< Lo, (Bj(2))* > < Lo, (Bj(x))* > < Lo, (By(x))* >
IKn = Ianl + =
(B;)'(0)B;(0) (B3)'(0)(BR)'(0) (B;)'(0)B;(0)
M - M M
Lo BRE)E> < Lo (B2 > <Ly Bawps ) O
1 B2(0)
=K,— n - MyB%(0) — M, (B%)'(0), —M;B%0) ).
n—1+t <£0,(Bg‘(:v))2 > < (Bg),(()) > ( 0 n( ) 1( n)( )7 1 n( ) )
Substituting (31) in (32) and computing the determinant on both sides of the equality we get
Apteth n B0 M1 (0) [Mo By (0) — M1(Bg)'(0)] — (Bg-Mo-M1)'(0) M1 By (0) 23
AN < Lo, (Be(#)? > | (33)
On the other hand,
<La, (B @) > = £y BV @) By )] =
=< Lo, BpMoMi (z) B (x) > +Mo By (0) By oM (0)—
— M B3 (0) (B MMy (0) — M (Bg)'(0) By MooMi(0) = (34)
=< Lo, (B (2))? > +Mo By (0) By oM (0)—
—Mi(Bg)'(0) By MM (0) — M B (0) (B MMy (0).
From (33)-(34), we deduce
AXMoOME < £ (BE (2))? >= ApMOM < £y (BEMMi(2))2 > 0> 1L (35)
When n = 0, since < L1,1 >=< Ly, 1 > +My # 0, and
. My M,
<Ly, 1> < Lol> M, <Ly,1>
det Ky = det ’ ’ =1 = 0. 36
et =de Tl ls  <Lois (36)
0 1

If we get det IK_; = 1, then (35) holds also for n = 0. Thus, from (35) it follows by induction that
det K,, # 0, n > 0 and

Ly, (B Mo (2))? >

<
AayM()yMl — AaaM07Ml
" e < Lo, (By(z))? >

n > 0. (37)

6



Conversely, assume that detlK, # 0, n > 0 and define B»Mo-Mi(z) by (23) and (24). Then
o.¢]
{ B (av)}o is a MOPS. Indeed,

< L1, BYYoM (1) B (z) >=< Lo, B@MoM () BY (2) > +MyBgMo-M1(0) BY(0)—
=My ((BEMoM1) (0) BE (0) + B (0)(BEY'(0) )

J

=< Lo, B(z) B (z) > —MBpMoM1(0) < Lo, Ky (x,0)B§ () >

(38)
+My(BpMoM) (0) < Lo, Kity (2,0) B (z) >

+ M, BeMoM (0) < Lo, KX (2,0) B () > +My B2:Mo-M1 (0) B2(0)

— M, ((BgMoMry (0) BR(0) + By MM (0)(BS)'(0))

Hence
' 0 if 0<j<n—1,
< Lo, (B (#))” > +
<Ly, BEMoM () B (2)>={  +MoBpMoM(0) B (0)—
if j=n,
— M, (BXMoMry () B (0)—
1(Bn )'(0)B§*(0) )
[ =M, BMoM(0)(BS) (0)
' 0 if 0<j<n-1,
) Ap e L |
A ®Mo, My < Lo, (By(2))” >#0 if j=n.
. n—1
By (33)
0 if 0<j<n-—1,
< Lo (BN ) B () >= (40)
#0 if j=n.
Thus { B2Mo-Mi ()15 is a, MOPS with respect to £; and so £; is quasi-definite. -

4 Representation as hypergeometric series.

The explicit expression of the Bessel kernels (19)-(20) allows us to write BMo-M1(z) in terms of the
classical Bessel polynomials and their first derivatives. In fact, substituting (19)-(20) into (23) we
have

B () = [1 — ngp MM BY (2) + g M 1 acg MM (B (@) (a1)



where

oMo _ (24 @)*(2n+a—1)BR(0)
" B 4(n+ a)d?_,

1
x | MoBgoMoMi(0) — My (B oMy (0) — gn(n+a+ )M, B (0)] (42)

OL,Mo,Ml — _ (2n + a)2(2n + a — 1)33(0) MlBa,Mo,Ml (0)
" 4(n+ a)d?_, "

n
Taking into account (8) the equation (41) becomes
BS’MO’MI (z) =[1— an,Mo,Ml]BTC;(x) + [ns,Mo,M1 + ICS,MO;Ml]ntj'IQ (z). (43)

On the other hand (see [9, Table VI, page 302)),

a+2 o a+2
Ba(I) — Ba+2(x) + 4n anl (m) + 4(” 1)anf2 (x) 7 (44)
" " 2n+a)2n+a+2) (2n+a—-1)2n+a)?(2n+a+1)
and
+2 +2
IBgi%(,’E) :BngZ(I) o 2(0[-[-2) Br?—l (I) - 4(77,— 1)(n+a+1) Br?—? (:l?) ) (45)
2n+a)2n+a+2) (2n+a-1)2n+a)?’@2n+a+1)
Thus, we deduce
ByMoMi(z) = Byt (z) 4 ag MM B () + b3 Mot BOTR (), (46)
where
QoMo My _ in Ly MM @0 + )20+t 2) (204 ot 2o
" (2n + a)(2n + a + 2) 4 2 ’
(47)
4(n —1)n
ba,Mo,Ml — 1 _ 2 1 a,Mo,M; .
" (2n+a—1)(2n+a)2(2n+a+1)[ (2n+a+1)G ]

Now, we will prove the following proposition.

Proposition 2 The orthogonal polynomial B,‘;"MO’Ml (z) is, up to a constant factor, a generalized
hypergeometric series. More precisely,
x

where mo(0) is given in (53) and the coefficients —Fy and —[ are the solutions of the quadratic
equation in k (see formula (50) below) and they are, in general, complex numbers. In the case when
for some i = 0,1, —f; is a negative integer number we need to take the analytic continuation of the
hypergeometric series (48).

Bg’MO’Ml (z) =

2" 2my(0) —n,n+a+1, fo+1, B +1
4Fy
(n+a+1)ppan(n—1) Bo, Br

(48) can be considered as a generalization of the representation of the Bessel polynomials as hyperge-
ometric series.
Proof: Substituting the hypergeometric representation of the Bessel polynomials (17) into (46) we



find

2n—2 00

BMo,M; _ 4 —1) 1 2)—
o (z) ERE g Z[nn (k+n+a+1)(k+n+a+2)

—2a0MoMi(E 4 a+1)(E—n)(n—1)2n+a+1)2n+a+2)+
(49)
+o2MoMi(fp —n 4 1)(k—n)2n+a—-1)2n+a)2n +a+1)(2n + a + 2)] X

X

(—n)k(nl:!ra + 1 (_g)k

Taking into account that the expression inside the quadratic brackets is a polynomial in & of degree 2
and denoting it mo(k), we can write

Mo My 2" 2q, > Ye(n +a+ 1)k + Bo)(k+ 51) z\*
Brtthe) = 1) Z <_ ) (50

(n+a+1)pton(n — k! 2

k—U

where ay, is the leading coefficient of ma(k):

an =4n(n —1) = 2a2MoMi(n — 1)2n + o+ 1)2n + o+ 2)+
(51)
+bMoMi9n 4o —1)(2n + @) (20 + a + 1) (20 + a + 2),

and 3; = Bi(n,a, B, A1, Ay, B1,Bs) (i = 0,1) are the solutions of the quadratic equation in k (see

formula (49)). Since (k + ;) = %, i =0,1(50) becomes
27275 (0 > (n+a+1)(1 1 7\
e VY T RO
where
m2(0) =4dn(n—-1)(n+a+1)(n+a+2)+

+2a8MoMip(n —1)(n+a+1)(2n + a +1)(2n + a + 2)+ (53)

+boMosMip(n — 1)(2n 4+ a —1)(2n + a)(2n + a + 1)(2n + o + 2),
which, by using the definition (18), is nothing else but the hypergeometric representation (48). =

5 Some Asymptotic Formulas.

In this section we will study some asymptotic formulas for the generalized Bessel polynomials. More
precisely, the ratio B&-M0-M1(z)/B%(x), outside of the closed contour T' containing the origin and the
difference between the new polynomials and the classical ones, inside I'. To obtain the first one we
will rewrite (41) in the form

B&-Mo,Mi (g7

Ba /
e =1 — n¢oMoMi y [posMo.My 4 e, Mo,Ml]( (=) (54)

B(z)



In order to obtain them we will rewrite the kernels (20) as follows:

_ (2n+ a)(2n +a — 1)(33‘(0))2‘
B 4(n + a)d? ’

n—1

7?—1 (07 0)

p 1
K,50(0,0) = S(n—1)(n+a+ DK (0,0); (55)

@ 1
Kai7(0,0) = Z(n+a+ 1) [n(n—2)(n+a+1) +a+2 K7 (0,0)
and also we will use the expression (B%)'(0) = in(n + a + 1)BZ(0).

Now, using the asymptotic formula for the Gamma function (see [13, formula 8.16, page 88], [14])

C(az +b) ~ V2me “(a av)“"”b*%, z >> 1, a,b,z € R, (56)
we find
el (0 0) 1 <i>4n [33(0)12 (_1)n <i>4n
n—1\ r220+1pa—1 \ 9 ' a2 | 2Ba—1pa—2 \ 9, :

Using the explicit values for BMo-M1(0) and (B Mo-M1)/(0) we find

1
Mo B Mo (0) — My (B0 Y(0) — n(n + -+ 1) M; By (0)} -

_ (AMy— M, 1+a+n) [(1+a) K& 1(0,0) My +4n]) BY(0)
44 K2 (0,00°M%n (1+a+n)+4K2 (0,0) (Mg — M, (n—1) (1+a+n))

From the above expression and (42) we obtain

Cg,Mo,M1 ~ 6’(,”’0[, M07M1)& < ¢ >4n |:1 T O(n—l)] ,

23a+3pa—1 \ 2y,
(57)
, Mo, M (=" e \"" -1
where
C(n, a, My, My) = [2n3 (4M0 + M, [2 —2a— 9a2]) —4Mn*(1+5a) —8M; n5] :
Finally, from the asymptotics of the Bessel polynomials [6, Eq. (5) page 124]
2nz\" 146 142271 + 622
B(z) = (ﬂ) gathel/s | LEOla #1427 ) +6277 | o)l L q\for.
e 24n
we find outside of the closed contour I' containing the origin (see formula (4))
(BY)'(2) 2 { 2+ (34 2a)z L
— L =— |l - — @) . 58
Bg(z) z 2nz + (n ) (58)

Then, from (54) and using all the above asymptotic formulas we obtain the following estimates for

the ratio

Bo-MoMi(z) (—1)metn M;(2 — az +9a%2) — 8Myz
Bg (Z) =1+ ninta—594n+3a—4

+ 10Myan — 4Min® + O(n_l)] ,
z
where z € C\{Q}, @ =IntT.
The difference between the new polynomials and the classical ones, when z is inside of the closed
contour I' containing the origin, is

- —1)n+1 2
BN (2) = B () = O, Mo, M) (222

23a+3 a1 > 2 F2el)? [1 + O(”_l)] : (59)

e

10



6 Second order differential equation.

The generalized Bessel polynomials can be given in terms of the Bessel polynomials BY(z) and their
first derivatives (see formula (41)) by means of the representation formula

BMoMi(p) — ¢(2:n) B2 (x) + d(x; n)% By (z), (60)

where ¢(z;n),d(z;n) are polynomials of bounded degree in z with coefficients depending on n:
c(zsn) = [1 = n¢pMoMi] d(z;n) = [ Mot 4 agiMoM], (61)

Taking derivatives in the above expression and using (2) and (60) we find

() - B0 (2) = o) B (x) + f (i) - B (a), (62)
where
e(z;n) = o(z)c (z;n) — And(z;n),  f(zin) = o(z)lc(zin) + d'(z;n)] — r(z)d(z;n).  (63)

Analogously, if we take derivatives in (62) and use (2) and (60), we obtain

2 d2 a,Mo,M o d o
0" () 5 By (@) = g(asn) By () + h(zsn) — By (x), (64)
where
g(zin) = o(z)e(z;n) — o' (z)e(z;n) — A f(z3n),
(65)
h(z;n) = o(z)e(z;n) + f'(z;n)] — 20" (2) f (z3n) — 7(2) f (z;n).
The above expressions (60), (62), and (64) yield
Bg’MO’Ml (z) c(zy;n) d(z;n)
U(x)@Bﬁ’MO’Ml () e(zn) flzn) | Zg. (66)
o2(a) g BN (2) glam) (i)

Expanding the determinant in (66) by the first column, we find the polynomials B2Mo-Mi (1) satisfy
a second order differential equation of the form

2 ~
5(s) 1o B MM (2) 4 7 () - BEMOM: (1) 4 A3 m) B () = 0, (67)
X xr
where
&(z;n) = —x2{ (coo M — 1) 22 4 Mo (20 + ) + 9 Mo M (24 @+ (2 + )Mo

—QCﬁ’MO’Ml (ng‘f’MO’Ml - 1) ]:1: + [nnf{’MO’Ml m+a+1)+2 (1 — nC,‘f’MO’Ml)] },

11



T(z;n) = —(a+2) [C,OL"MO’Ml -1+ (@2n+ a)C,‘;"MO’Ml] z3
+{2 [1 = ¢MoM (4 4 20+ 2n — g oM — angg Mot ) |
—p@Mo M 4 3) (2 + a + an¢Mo M 2n2C,‘§"M°’M1) }x2
- [47]3"M°’M1 (3 + o — 2n¢ Mo My n2C,‘§"M0’M1) + 4¢aMo.M (nC,‘f’MO’Ml - 1)

-I-n,ol"MO’MlQn(n +a+1)(a+ 4)} x
_zng,MO,Ml [ng,Mo,Mln(n +a+ 1) _ ang,Mo,M1 + 2]
Ma;n) = Mn+a+U%#%Mﬂn—nm+a+m+%#%M%@M“ﬁ+0

_znng,Mo,Mlcg,Mo,Ml + [QCg,Mo,Ml (CS’MO’Ml _ nCS’MO’Ml + 1)

_i_ngé,Mo,Ml (4 +a— Oé(,?’MO’Ml _ ang,Mo,Ml + ancg,Mo,Ml + 2n2CS’M°’M1) z

+ [coMoM (20 4+ 41) — 1] }

The explicit expression for the coefficients in (67) has been obtained by using the algorithm developed
in [4]. A simple calculation shows that for My, M; equal to zero, we recover from the above expressions
the SODE for the classical Bessel polynomials.

7 Three-term recurrence relation for B> (),

Theorem 1 Assume that ASXMOMU L0 1 >0, i.e., Ly is quasi-definite. Then the MOPS { B (x)}g°
related to Ly satisfies a three-term recurrence relation (TTRR)

BEMoM () = (x _ gg,Mo,Ml) BOMOMi () _ 4@MoMi gouMoMy (1) s q (68)
Proof: Since zB%Mo-Mi(z) is a polynomial of degree n + 1, we have

zBp MM (z) = BT (@) 4 pgoMo M B MoMs () 4

n—2

a,My,M1 o, Mo, M n, .k

+ Mo B0 (1) + ) Cpat,
k=0

where C7, k =1,2,...,n — 2, are real coefficients. Taking the indefinite inner product (-,-) associated
with the functional £; (o« # —1,-2,-3,...)

; (69)

(00) = [ P()al2)o(2) dz -+ Mup(0)a(0) + My (p(2)al2)) | _,

12



multiplying by 2™ both sides of the above expression, and using the orthogonality of the generalized
polynomials B&M0-Mi (1) we find

0 = (B&Mo M) pmtly — ZC” ™R, m=0,1,...,n—2.

Since the determinant of the the above linear system in C} is different from zero (it is, basically the
Gram determinant of order n — 1 for the indefinite inner product (69), see [14, Section 2.2 pages
25-28]), then we deduce that C}' =0 for all £ =0,1,...,n — 2.

Thus,

IBa’MO’Ml (:l?) _ Bgf{O’Ml + BQ,MO,MIBOZ,MO,Ml( ) +’)’a Mo,MlBOé MU,M1( ) (70)

Let us to obtain the coefficients 3y Mo, Miand @MoMi i (70). Let by, be the coefficient of 2"~ in
the expansion B&Mo-Mi — gn bp 2" !+ .... Then, comparing the coefficients of ™ in the two hand
sides of (70) we find g@MoMi — an To calculate y2:M0-M1 it is sufficient to evaluate (70) in
x = 0 and remark that BTC:_i_A{O’Ml( )£ 0 (n>>1).

In order to obtain a general expression for the coefficient S%M0-M! we can use the representation
formula (41) for the generalized polynomials, in terms of BZ(z) and (B%(z))’

By oM (z) = [1 — n¢ oM BR (@) + [ng oM 4 2N (BR (2))) (71)

Notice that the constants ¢, and n, depend on n, o, My, M; (see formula (42)) . Doing some algebraic
calculations we find that

gn = (]- - Cn)bn + M
where b,, denotes the coefficient of z"~! for the classical monic Bessel polynomials B (z) (see formula

(16)), i.e.,

_2(n—1)
" n+4a
Thus, we obtain the following TTRR coefficients for generalized polynomials
ﬂg’MO’Ml = (1 = Cn)bn — (1 = Gut1)bnt1 + (M0 — Mnt1), (72)
and Mo
a, Mo, M1 Mo, M
/‘)/g’MO’Ml — _M — /BgaMOale (73)

B 0) B o)
8 Quasi-orthogonality and zeros of B0 (z),

In this section we will study the quasi-orthogonality of the generalized Bessel polynomials as well as
some properties of their zeros.
8.1 The Quasi-orthogonality.

Because of 2L, = 2L, we get

Proposition 3

n+2
BN (@) = 3] e Bf (@), n>2 (74
where
o <[,0,I2B7of’MO’M1 (x)B]C-"(l‘)> _ <£1,$ZB7C;’MO’M1($)BJQ(x)> 2<ji<n+2
g <Ly, (B3 (x))?> <Lo,(Bf(z))*>  ’ N (75)
Cnpn—2 F0.
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Proof: From
n+2

2 ByMoMi(z) = 3" ¢, i B (x), (76)
§=0
we deduce

enk < Lo, (BE(2))? >=< Lo, 2 BLMoM1(3) B () >=< 1%Ly, BMoMi(2) B (z) >=
=< 2?Ly, B&MoMi (1) B2 (1) >= (77)
=< L1, BOMoMi ()2 B2 (2) >=0, k<n-—2. [

8.2 Some properties of the zeros.

Let us denote ()} ; the zeros of the polynomials B&M0:Mi(z) for n large enough.

n
Lemma 1 (Kakeya [6, page 77]) Let p,(z) = ijzj be a polynomial of degree n with positive coef-
7=0
b; b;
ficients and set min —— = a;, max —— = ay. Then all zeros apn of pn(2) satisfy the inequalities
7 bjn i bip
ar < |agn| < as.

In our case, for n large enough, by using the asymptotic formulas (57) we find

gn n—1 n
BMo,Mi — 0 1
n () ==z +(a+n+1)nl§)<k>(n+a+ )k X

ot () + (o) (5)
I+ (=) 4+ol——-——)|(Z]) .
23(at1)na=6 \ 2n 2mpAn 4o — 6 2
or, equivalently, using (44) and (57) one deduces that the product (k+ Gy)(k + 1) for n large enough

is positive.
Then, for n large enough, the ratio satisfies the condition

X

bj _ Q(k + 1)
bis1  (n—k)(n+a+k+1)
as well as
2 b; 2n
< < , a>—1,
nn+a+1l) b1 2n+a+l
which yields |aj | < 1. [

Then, the following proposition holds.

Proposition 4 If L; is assumed to be a quasi-definite moment functional all the zeros of BYMo-M1 (z)
for n large enough are located inside the unit circle.

Proof: The statement is a consequence of the previous Lemma and the asymptotic relation (57). In
fact, by using the representation (60). [

9 Perturbation matrix and eigenvalue problem.

From
I2£1 == £B2£0, (78)
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if {B2(z)}5°, {BMoMi(g)1%0 and {B2*2(z)}° denote the orthogonal polynomial sequences with
respect to Lo, L1, and x2L, respectively, we can write BMo:Mi(z) in terms of BS*2(x) as in (44).
In matrix form

By oM () 1 00 ..0 0 0 B2 (x)
By Mot (z) ai 1 0 0 0 0 By (x
Bg:MO,Ml (I) — b2 as 1 0 0 0 Bg+2($) 3 (79)
BgaMo.,Ml (z) 0 0 O bn an 1 B7?+2(x)
or, equivalently, _
Q, =T, P,, (80)

where @, and IP,, denote the column vectors of (79), respectively.
On the other hand, from the three-term recurrence relation that {BMo-Mi(3)1% and {B2*+2(z)}°
satisfy, one gets the matrix representation

Bo 1 0 ... 0 0
B 1 .0 . :
W= | T Qe B e
"’ - " nb” (@) 0|, (81)
0 0 0 ... f 1
7
Bo 1 0 0 0
_ yw /1 ... 0 _
P, =1 . . . .| Py + B
" S " w1 (7) (82)
0 0 0 ... f, 1
5.
Substituting (80) into (81) we have
0 P,
aTn Py =3, Ty P, + : =
0 ... 0 bpp1 appr 1 B Mo ()
(83)
0 0
= |J, - Tn+ P, + BENOM (@) | ]
0 ... 0 bn+1 Ap+1 1
where the matrices J,, and J,, are defined in (81)-(82) and O is the null matrix. Therefore
o) 0
alP, =T;' T, Tn+ P, + BENOM ()T s | =
0 ... 0 bpy1 apt1 1
(84)
0 0
1.5 - 5 ,Mo,M )
=T, T, T, +T,t- Py, + BEOM (2) |
0O ... 0 bn+1 ap+1 1
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Taking into account (82) we deduce that

0]
J, =T, ' |3, + T M- T, =
L 0 ... 0 bn+1 Ap+1
(85)
_ 0
=T, - |J, + T
i ail G412 ... Gip4l
Thus, J,, is, essentially, a rank one perturbation of the matrix J,. From (85) notice that
0 0
0 ... 0 buy1 apyr ai; a2 ... Grpil
1 0 0 .0
(86)
@) al 0 .0
= ba 0 0
ail 412 ... Gip4l 0
0 b, a, 1
This means
( G1,n4+1 = An+1, ( A1,n+1= An+1,
A1+ 01 pt10n = bn+17 a1n= bn+1 — Qp410np,
alpn—-1+ A1ptn1 + al,n+1bn =0, Al n—-1= _an+1bn - anfl[bn+1 - an+1an]a
& . (87)
alpn-—2+aipn-10p-2+ al,nbnfl =0, = _bnan+1 - bn+lan71 + an_1ap0n41,
L a1 + a1.201 + a1,3b2 =0.

\

Then, for the rank one matrix, the entries of the last row can be generated in a straightforward way.
Let
0]

A,=T,1. . (88)
0o ... 0 bn+1 Ap+1

Taking into account that T, is a lower triangular matrix, we deduce that the product matrix has the
same structure as the matrix of the second factor on the previous expression, i.e,

0
0o ... 0 bTL+1 Anp+1
Hence N
J,=T,1.3, - T, +A. (90)
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