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t. In this 
ontribution we study the asymptoti
 behaviour of polynomialsorthogonal with respe
t to the linear fun
tional U (J. Arves�u, 1999)U = J�;� +A1Æ(x� 1) +B1Æ(x+ 1)�A2Æ0(x� 1)�B2Æ0(x+ 1);where J�;� is the Ja
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e of polynomials with real 
oeÆ
ients.The asymptoti
 properties are analyzed in (�1; 1) (inner asymptoti
s) and C n[�1; 1℄ (outer asymptoti
s) with respe
t to the behaviour of Ja
obi polynomials.In a se
ond step, we use the above results in order to obtain the lo
ation of zerosof su
h orthogonal polynomials (J. Arves�u, 1999).Noti
e that the linear fun
tional U is a generalization of one studied in (T.H. Koornwinder, 1984) when A2 = B2 = 0. From the point of view of rationalapproximation (A. A. Gon
har, 1975) the 
orresponding Markov fun
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obi-Markov fun
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2 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-NodarseSu
h a kind of modi�
ation of a linear fun
tional appear when anextension of the Gauss-Lobatto quadrature formulas is 
onsidered. Infa
t, in (C. Bernardi and Y. Maday, 1991) su
h quadrature formulasare used in a spe
tral method for solving a mono-dimensional fourthorder di�erential problem. Here, the boundary 
onditions are values ofthe solution and its �rst derivative in the ends of the interval (-1,1).The aforementioned modi�
ations were �rstly studied in (H. L. Krall,1940) when he 
onsidered the polynomial solution of 
ertain fourthorder linear di�erential equations. There H. L. Krall obtained, apartthe 
lassi
al orthogonal polynomials (Hermite, Ja
obi, Laguerre andBessel), three new families of orthogonal polynomials with respe
t topositive measures with an absolutely 
ontinuous part plus some masspoints. More pre
isely, the so-
alled 
lassi
al-type orthogonal polyno-mials appear. Another approa
h to this subje
t was presented in (A.M. Krall, 1981).The analysis of the asymptoti
 properties of polynomials orthogo-nal with respe
t to a perturbation of a measure via the addition ofmass points was introdu
ed by Nevai (P. Nevai, 1979). In parti
ular,he proved how the lo
ation of the mass points with respe
t to thesupport of the measure has an in
uen
e in the asymptoti
 behaviourof perturbed polynomials.The algebrai
 properties for su
h polynomials have attra
ted the in-terest of many resear
hers. A general approa
h when a modi�
ation of alinear fun
tional in the linear spa
e of polynomials with real 
oeÆ
ientsvia the addition of one delta Dira
 measure was started by Chihara(T. S. Chihara, 1985) in the positive de�nite 
ase and Mar
ell�an andMaroni (F. Mar
ell�an and P. Maroni, 1992) for quasi-de�nite linearfun
tionals. From the point of view of di�erential equations see (F.Mar
ell�an and A. Ronveaux, 1989). For two point masses there existvery few examples in the literature (see (N. Dra��di, 1990; R. Koekoek,1990; T. H. Koornwinder, 1984; K. H. Kwon and S.B. Park, 1997)) butthe diÆ
ulties in
rease as shows (N. Dra��di and P. Maroni, 1988).A spe
ial emphasis was given to the modi�
ations of 
lassi
al linearfun
tionals (Hermite, Laguerre, Ja
obi and Bessel) in the frameworkof the so-
alled semi
lassi
al orthogonal polynomials. In (T. H. Koorn-winder, 1984) the Ja
obi 
ase with two masses at points x = �1 was
onsidered. The hypergeometri
 representation of the resulting poly-nomials as well as the existen
e of a se
ond order di�erential equationthat su
h polynomials satisfy have been established. Also the parti
ular
ases of the Krall-type polynomials (A. M. Krall, 1981; H. L. Krall,1940) have been obtained from this general 
ase as spe
ial 
ases orlimit 
ases. In (J. Koekoek and R.Koekoek, 1991; R. Koekoek, 1988; R.Koekoek, 1990) the Laguerre 
ase was 
onsidered in details.
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On a modi�
ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 3The perturbation of a linear fun
tional via the addition of the deriva-tives of a delta Dira
 measure was started in (S. L. Belmehdi and F.Mar
ell�an, 1992). In parti
ular, ne
essary and suÆ
ient 
onditions forthe existen
e of a sequen
e of polynomials orthogonal with respe
t tosu
h a linear fun
tional are obtained. Furthermore, an extensive studyfor the new orthogonal polynomials was performed when the initialfun
tional is semi
lassi
al. This problem 
an be 
onsidered as a limit
ase of two masses lo
ated in two 
lose points. The study of su
h a kindof modi�
ations of a linear fun
tional has known an in
reasing interestduring the past years sin
e their appli
ations in approximation theory(see (A. A. Gon
har, 1975) for the bounded 
ase and (G. L�opez, 1989)for the unbounded one).First, in (R. �Alvarez-Nodarse and F. Mar
ell�an, 1995; R. �Alvarez-Nodarse and F. Mar
ell�an, 1996) the perturbation of the Laguerrelinear fun
tional when we add the linear fun
tionalM0Æ(x)+M1Æ0(x) isanalyzed. More pre
isely they studied the behavior of the polynomialsand their zeros as well as the hypergeometri
 
hara
ter of them.More re
ently, Arves�u et al. (J. Arves�u, R. �Alvarez-Nodarse, F.Mar
ell�an, and K.H. Kwon, 1998) have analyzed a generalization of theBessel polynomials, whi
h appears when one perturbs the Bessel linearfun
tional by the addition of the linear fun
tional M0Æ(x) +M1Æ0(x).In parti
ular, the hypergeometri
 
hara
ter of these polynomials andthe behavior of their zeros were studied. In the present work we willdeal with the Ja
obi 
ase.The plan of the paper is the following. In Se
tion 2 we give some re-sults 
on
erning the Ja
obi polynomials. Using these results in Se
tion3 we obtain a general formula for the generalized Ja
obi polynomialsin terms of the 
lassi
al ones and their �rst and se
ond derivatives.This allows us to �nd a symmetry property in the same sense as in (T.H. Koornwinder, 1984). Finally, in Se
tion 4 we study the asymptoti
properties whi
h are useful to investigate in Se
tion 5 the lo
ation ofzeros of su
h polynomials.2. Some Preliminary Results.In this se
tion we have en
losed some formulas for the Ja
obi poly-nomials whi
h are useful in the analysis of polynomials orthogonalwith respe
t to the linear fun
tional (16) from below. All the formulasas well as some spe
ial properties for the Ja
obi polynomials 
an befound in the literature of spe
ial fun
tions, see for instan
e the 
lassi
almonograph Orthogonal Polynomials by Szeg�o (G. Szeg�o, 1975, Chapter5). In this work we will use moni
 polynomials, i.e., polynomials with
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4 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-Nodarseleading 
oeÆ
ient equal to 1, (Pn(x) = xn + bnxn�1+ lower degreeterms).The Ja
obi polynomials P�;�n (x) are the polynomial solution of these
ond order linear di�erential equation of hypergeometri
 type�(x) y00(x) + �(x) y0(x) + �n y(x) = 0; (1)where�(x) = (1�x2); �(x) = ���� (�+�+2)x; �n = n(n+�+�+1);respe
tively.They are orthogonal with respe
t to the linear fun
tional J�;� onthe linear spa
e P of polynomials with real 
oeÆ
ients de�ned byhJ�;�; P i = Z 1�1 P (x)(1 � x)�(1 + x)�dx; �; � > �1; P 2 P: (2)The orthogonality relation isZ 1�1 P�;�n (x)P�;�m (x)(1 � x)�(1 + x)�dx = ÆnmjjP�;�n jj2; (3)jjP�;�n jj2 = 2�+�+2n+1n!�(n+ �+ 1)�(n+ � + 1)�(n+ �+ � + 1)(2n + �+ � + 1)(n+ �+ � + 1)2n :They satisfy the di�erentiation formula(P�;�n (x))(�) = n!(n� �)!P�+�;�+�n�� (x); � = 0; 1; : : : ; (4)where n = 1; 2; : : :, and (P�;�n (x))(�) denotes the � � th derivative ofthe fun
tion. Furthermore, the following symmetry property holdsP�;�n (x) = (�1)nP �;�n (�x): (5)Now, from the stru
ture relation(1� x2)P 0n(x) = ~�nPn+1(x) + ~�nPn(x) + ~
nPn�1(x); n � 0; (6)where ~�n = �n;~�n = 2(� � �)n(n+ �+ � + 1)(2n+ �+ �)(2n+ 2 + �+ �) ;~
n = 4n(n+ �)(n+ �)(n+ �+ �)(n+ �+ � + 1)(2n+ �+ � � 1)(2n+ �+ �)2(2n+ �+ � + 1) ; (7)
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On a modi�
ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 5and the three-term re
urren
e relation,xPn(x) = Pn+1(x) + ��;�n Pn(x) + 
�;�n Pn�1(x); (8)where ��;�n = �2 � �2(2n+ �+ �)(2n+ 2 + �+ �) ;
�;�n = 4n(n+ �)(n+ �)(n+ �+ �)(2n+ �+ � � 1)(2n + �+ �)2(2n+ �+ � + 1) ; (9)we dedu
eP�;�n�1(x) = (1� x2)(P�;�n )0(x)
̂�;�n � h~�n � n(x� ��;�n )iP�;�n (x)
̂�;�n ;
̂�;�n = (2n+ �+ � + 1)
�;�n : (10)If we take derivates in the above formula we obtain(P�;�n�1)0(x) = ��2x+ h~�n � n(x� ��;�n )i� (P�;�n )0(x)
̂�;�n+nP�;�n (x)
̂�;�n + (1� x2)(P�;�n )00(x)
̂�;�n ; (11)where 
̂�;�n and ~�n are given in (7) and (10), respe
tively.The Ja
obi polynomials have the following representation as hyperge-ometri
 seriesP�;�n (x) = 2n(�+ 1)n(n+ �+ � + 1)n 2F1 �n; n+ �+ � + 1�+ 1 �����1� x2 ! ; (12)where pFq � a1; a2; :::; apb1; b2; :::; bq ����x� = 1Xk=0 (a1)k(a2)k � � � (ap)k(b1)k(b2)k � � � (bq)k xkk! ;and (a)k with k = 1; 2; : : : is the Po
hhammer symbol or shifted fa
to-rial de�ned by(a)0 := 1; (a)k := a(a+ 1)(a + 2) � � � (a+ k � 1) = �(a+ k)�(a) ;
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6 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-NodarseA 
onsequen
e of this representation isP�;�n (1) = 2n(�+ 1)n(n+ �+ � + 1)n ; P�;�n (�1) = (�1)n2n(� + 1)n(n+ �+ � + 1)n : (13)Throughout this work we will useK�;�(p;q)n (x; y) = nXm=0 (P�;�m )(p)(x)(P�;�m )(q)(y)jjPmjj2= �p+q�xp�yqK�;�(0;0)n (x; y); (14)in order to denote the kernels of the Ja
obi polynomials, as well as theirderivatives with respe
t to x and y, respe
tively. For p = q = 0 andn = 1; 2; : : : the well known Christo�el-Darboux formulan�1Xm=0 P�;�m (x)P�;�m (y)jjPmjj2 = P�;�n (x)P�;�n�1(y)� P�;�n�1(x)P�;�n (y)(x� y)jjPn�1jj2 ; (15)holds. 3. The De�nition and Orthogonal Relation.Consider the linear fun
tional U on P, de�ned ashU ; P i = hJ�;�; P i+A1P (1) +B1P (�1) +A2P 0(1) +B2P 0(�1); (16)where J�;� is the Ja
obi linear fun
tional (2).For large n we will determine the moni
 polynomial ePn(x) whi
his orthogonal with respe
t to the fun
tional (16). The reason for thisassumption is to guarantee the existen
e of the polynomials for allvalues of the masses A1, B1, A2 and B2. To obtain this we write theFourier expansion of the generalized Ja
obi polynomials in terms of theJa
obi polynomialsePn(x) := P�;�;A1;B1;A2;B2n (x) = P�;�n (x) + n�1Xk=0 an;kP�;�k (x); (17)where P�;�n (x) denotes the Ja
obi moni
 polynomial of degree n. To �ndthe 
oeÆ
ients an;k we 
an use the orthogonality of the polynomialsePn(x) with respe
t to U , i.e.,DU ; ePn(x)P�;�k (x)E = 0; 0 � k < n:
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On a modi�
ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 7Putting (17) in (16) we �nd:DU ; ePn(x)P�;�k (x)E = DJ�;�; ePn(x)P�;�k (x)E+A1 ePn(1)P�;�k (1) +B1 ePn(�1)P�;�k (�1)+ A2 � ePn(x)P�;�k (x)�0����x=1 + B2 � ePn(x)P�;�k (x)�0����x=�1 ; (18)
where eP 0n(x) and �P�;�n (x)�0 denote the �rst derivatives of the general-ized and the Ja
obi polynomials, respe
tively. If we use the de
ompo-sition (17) and taking into a

ount the orthogonality of the Ja
obipolynomials with respe
t to the linear fun
tional J�;� we �nd thefollowing expression for the 
oeÆ
ients an;kan;k = �A1 ePn(1)P�;�k (1) +B1 � ePn�0 (�1)P�;�k (�1)jjPkjj2�A2 �� ePn�0 (1)P�;�k (1) + ePn(1)�P�;�k �0 (1)�jjPkjj2�B2 �� ePn�0 (�1)P�;�k (�1) + ePn(�1)�P�;�k �0 (�1)�jjPkjj2 : (19)
Finally (17) be
omesePn(x) = P�;�n (x)�A1 ePn(1)K�;�(0;0)n�1 (x; 1)�B1 ePn(�1)K�;�(0;0)n�1 (x;�1) �A2 � ePn�0 (1)K�;�(0;0)n�1 (x; 1)�B2 � ePn�0 (�1)K�;�(0;0)n�1 (x;�1) �A2 ePn(1)K�;�(0;1)n�1 (x; 1)�B2 ePn(�1)K�;�(0;1)n�1 (x;�1): (20)
In order to �nd ePn(1), ePn(�1), � ePn�0 (1) and � ePn�0 (�1) we 
an takederivatives in (20) and evaluate the resulting equation, as well as (20),at x = 1 and x = �1. This leads us to a linear system of equationsK � ~Pn = Pn; (21)
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8 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-Nodarsebeing K := I4 +K4(n);where I4 is the identity matrix and K4(n) = (M1jM2jM3jM4) with thefollowing 
olumn ve
torsM1 = A10BBB� K�;�(0;0)n�1 (1; 1)K�;�(0;0)n�1 (1;�1)K�;�(0;1)n�1 (1; 1)K�;�(0;1)n�1 (1;�1) 1CCCA+A20BBB� K�;�(0;1)n�1 (1; 1)K�;�(0;1)n�1 (�1; 1)K�;�(1;1)n�1 (1; 1)K�;�(1;1)n�1 (1;�1) 1CCCA ;
M2 = B10BBB� K�;�(0;0)n�1 (1;�1)K�;�(0;0)n�1 (�1;�1)K�;�(0;1)n�1 (�1; 1)K�;�(0;1)n�1 (�1;�1) 1CCCA+B20BBB� K�;�(0;1)n�1 (1;�1)K�;�(0;1)n�1 (�1;�1)K�;�(1;1)n�1 (1;�1)K�;�(1;1)n�1 (�1;�1) 1CCCA ;

M3 = A20BBB� K�;�(0;0)n�1 (1; 1)K�;�(0;0)n�1 (1;�1)K�;�(0;1)n�1 (1; 1)K�;�(0;1)n�1 (1;�1) 1CCCA ; M4 = B20BBB� K�;�(0;0)n�1 (1;�1)K�;�(0;0)n�1 (�1;�1)K�;�(0;1)n�1 (�1; 1)K�;�(0;1)n�1 (�1;�1) 1CCCA :~Pn and Pn are the 
olumn ve
tors~Pn = 0BBBBB� ePn(1)ePn(�1)� ePn�0 (1)� ePn�0 (�1)
1CCCCCA ; Pn = 0BBB� P�;�n (1)P�;�n (�1)(P�;�n )0(1)(P�;�n )0(�1) 1CCCA ;respe
tively. Let us denote Kj(Pn) the matrix obtained substitutingthe j 
olumn in K by Pn. Then, by the Cramer's rule, the system (21)has a unique solution if and only if the determinant of K is di�erentfrom zero. Moreover, the solution isePn(1) = detK1(Pn)detK ; ePn(�1) = detK2(Pn)detK ;� ePn�0 (1) = detK3(Pn)detK ; � ePn�0 (�1) = detK4(Pn)detK : (22)Then, the existen
e of the generalized polynomials is guaranteed if andonly if detK does not vanish for every n � 0. Later on, from the
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On a modi�
ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 9asymptoti
 formulas for the kernels (33)-(35) we will 
on
lude that forn large enough the moni
 polynomial ePn(x) exists.PROPOSITION 1. The following symmetry properties for the gener-alized Ja
obi polynomials and their �rst derivatives holdP�;�;A1;B1;A2;B2n (�x) = (�1)nP �;�;B1;A1;�B2;�A2n (x); (23)(P�;�;A1;B1;A2;B2n )0(�1) = (�1)n+1(P �;�;B1;A1;�B2;�A2n )0(1): (24)Later on, will be useful to have an expli
it representation of the gener-alized Ja
obi polynomials in terms of the 
lassi
al ones. To do that werewrite the equation (20) in the formePn(x) = (1 + n�n + n�n)P�;�n (x)+ [�n(1� x)� �n(1 + x) + (� + 1)�n + (�+ 1)!n℄�P�;�n (x)�0+ [�n(1 + x)� !n(1� x)℄�P�;�n (x)�00 ; (25)where �n = �B1 � n(n+ �+ � + 1)B22(� + 1) �C�;�;B1;A1;�B2;�A2n�B2D�;�;B1;A1;�B2;�A2n ;�n = �A1 + n(n+ �+ � + 1)A22(�+ 1) �C�;�;A1;B1;A2;B2n+A2D�;�;A1;B1;A2;B2n ; (26)
�n = A2C�;�;A1;B1;A2;B2n(� + 1) ;!n = B2C�;�;B1;A1;�B2;�A2n (� + 1) ; (27)and C�;�;A1;B1;A2;B2n = ePn(1)P�;�n (1)jjPn�1jj2
̂�;�n ;D�;�;A1;B1;A2;B2n = � ePn�0 (1)P�;�n (1)jjPn�1jj2
̂�;�n : (28)
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10 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-NodarseNoti
e that �n; �n; �n, and !n depend on n; �; �;A1; B1; A2, and B2.Now, using (4)-(8) we 
an rewrite (25) as followsePn(x) = AnP�;�n (x) + n hBnP�+1;�+1n�1 (x) + CnP�+1;�+1n (x)i+n hDnP�+1;�+1n�2 (x) + (n� 1)EnP�+2;�+2n�2 (x)i+n(n� 1) hFnP�+2;�+2n�1 (x) +GnP�+2;�+2n�3 (x)i ; (29)whereBn = �n � �n + Cn��+1;�+1n�1 + (� + 1)�n + (�+ 1)!n;An = 1� nCn; Cn = �(�n + �n); Dn = Cn
�+1;�+1n�1 ;En = �n � !n + Fn��+2;�+2n�2 ; Fn = �n + !n; Gn = Fn
�+2;�+2n�2 : (30)We would like to remark here that the generalized Ja
obi polynomialssatisfy a se
ond order linear di�erential equation (SODE). To dedu
e itone 
an rewrite the representation formula (25) in terms of the polyno-mials and their �rst derivatives, and using that the Ja
obi polynomialssatisfy a SODE. 4. Some Asymptoti
 Formulas.In this se
tion we will study some asymptoti
 formulas for the gen-eralized Ja
obi polynomials. More pre
isely, the relative asymptoti
sePn(x)=P�;�n (x), outside the interval [-1,1℄ and the di�eren
e betweenthe new polynomials and the 
lassi
al ones, inside [-1,1℄. First of all,we need to obtain some asymptoti
 formulas 
on
erning to the 
lassi
alpolynomials and their kernels. In order to do that we use the asymptoti
formula for the Gamma fun
tion see ((F. W. J. Olver, 1974, formula8.16, page 88) and (G. Szeg�o, 1975))�(ax+ b) � p2�e�ax(a x)a x+b� 12 ; x >> 1; a; b; x 2 R: (31)Taking into a

ount (3), (4) and (13), we �nd the following asymptoti
formulas for k 2 N(P�;�n )(k)(1) � p�n�+2k+ 12�(�+ k + 1)2n+�+�+k ; jjP�;�n�1jj2 � �22n+�+��2 ; (32)
antwerpen1.tex; 23/09/2002; 16:47; p.10



On a modi�
ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 11and K�;�(0;0)n�1 (1; 1) � n2�+2�(�+ 1)�(�+ 2)2�+�+1 ;K�;�(0;0)n�1 (1;�1) � (�1)n+1n�+�+1�(�+ 1)�(� + 1)2�+�+1 ; (33)
K�;�(0;1)n�1 (1; 1) � n2�+4�(�+ 1)�(�+ 3)2�+�+2 ;K�;�(0;1)n�1 (1;�1) � (�1)nn�+�+3�(� + 2)�(�+ 1)2�+�+2 ; (34)
K�;�(1;1)n�1 (1; 1) � (�+ 2)n2�+6�(�+ 2)�(�+ 4)2�+�+3 ;K�;�(1;1)n�1 (1;�1) � (�1)nn�+�+5�(�+ 2)�(� + 2)2�+�+3 ; (35)where xn � yn means that limn!1 xn=yn = 1. To obtain the otherkernels, as well as their estimates, we 
an use the symmetry properties(62) and (33)-(35).>From these asymptoti
 formulas, (33)-(35), and doing some straight-forward 
al
ulations we �nd that for n large enoughdetK � O(n16+4�+4�):Then, the existen
e of ePn(x) for n large enough is guaranteed for any
hoi
e of non zero masses A1, B1, A2 and B2. Now using the symmetryproperty (5) and the asymptoti
 formulas (32)-(35), we 
an 
omputethe asymptoti
 behavior of the generalized Ja
obi polynomials, as wellas their �rst derivatives at the points �1, i.e.,ePn(1) � p��(�+ 4)2n�2A2n 72+� ; ePn(�1) � (�1)n+1 p��(� + 4)2n�2B2n 72+� ;� ePn�0 (1) � � p��(�+ 3)2n�1A2n 32+� ; � ePn�0 (�1) � (�1)n+1p��(� + 3)2n�1B2n 32+� : (36)
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12 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-Nodarse>From (32)-(36) we 
an give the estimates for the 
onstants de�ned by(26)-(28) C�;�;A1;B1;A2;B2 � 2 �(�+ 4)A2�(�+ 1)n4 ;D�;�;A1;B1;A2;B2 � � �(�+ 3)A2�(�+ 1)n2 ;�n � 2(� + 2)n2 ; �n � 2(�+ 2)n2 ; �n � 2(� + 2)(� + 3)n4 ;!n � �2(� + 2)(� + 3)n4 : (37)
Finally, from (25), taking derivatives two times and using (32) and (37)we �nd � ePn�00 (1) � �p�n�+ 92 (�+ 2)(� + 5)�(�+ 5)2n+�+�+2 : (38)To obtain the relative asymptoti
s ePn(z)=P�;�n (z), outside the inter-val [-1,1℄ we need to do some manipulations. First, we multiply (25)by �(z), and using the SODE (1) we �nd the following equivalentrepresentation formula�(z) ePn(z) = a(z;n)P�;�n (z) + b(z;n)�P�;�n (z)�0 ; (39)where a(z;n); b(z;n) are polynomials of uniformly bounded degree in zwith 
oeÆ
ients depending on n given bya(z;n) = (1 + n�n + n�n)�(z)� �n [�n(1 + z)� !n(1� z)℄ ;b(z;n) = [�n(1� z)� �n(1 + z) + (� + 1)�n + (� + 1)!n℄�(z)��(z) [�n(1 + z)� !n(1� z)℄ : (40)Se
ond, we will rewrite (39) in the formePn(z) = ~a(z;n)P�;�n (z) + ~b(z;n)�P�;�n (z)�0 ; (41)where ~a(z;n) = (1 + n�n + n�n)� �n � �n(1� z) � !n(1 + z)�� 1 + 2(�+ � + 4)n � 2n2 �(�+ 2)(� + 3)(1� z) + (� + 2)(� + 3)(1 + z) � ; (42)
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On a modi�
ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 13~b(z;n) = [�n(1 � z)� �n(1 + z) + (� + 1)�n + (�+ 1)!n℄��(x) � �n(1� z) � !n(1 + z)�� 2n2 [(� + 2)(1 � z)� (�+ 2)(1 + z)℄+ 2n4 [(� + 1)(� + 2)(� + 3)� (�+ 1)(� + 2)(� + 3)℄�2[� � �� (�+ � + 2)z℄n4 �(�+ 2)(�+ 3)(1� z) + (� + 2)(� + 3)(1 + z) � :
(43)

Then, from (41) and using (42)-(44), as well as,1n (P�;�n )0(z)P�;�n (z) = 1pz2 � 1 + o (1) ; (44)we obtain the following estimate for the ratioePn(z)P�;�n (z) = 1 + 2(� + 2)n "1�rz � 1z + 1#+2(�+ 2)n "1�rz + 1z � 1#+ o� 1n� ; (45)where z 2 C n[�1; 1℄.In order to obtain the asymptoti
 behavior of the di�eren
e betweenthe new polynomials and the 
lassi
al ones, when z belongs to [�1; 1℄,we use the Darboux formula for the asymptoti
s of the Ja
obi poly-nomials on the interval � 2 ["; � � "℄; 0 < " << 1 (G. Szeg�o, 1975,equation 8.21.10 page 196)anP�;�n (
os �) = �sin �2���� 12 �
os �2���� 12pn�� 
os �n� + 12(�+ � + 1)� � 12(�+ 12)��+O� 1n 32 � ; (46)
with an = (n+ �+ � + 1)n2n n! � 2n+�+�pn� .
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14 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-NodarseThe expression (29), as well as the following asymptoti
 estimatesfor the 
oeÆ
ientsAn � 1 + 2(�+ � + 4)n ; Bn � 2(� � �)n2 ;Cn � �2(�+ � + 4)n2 ; Dn � �(�+ � + 4)2n2 ;En = O� 1n6� ; Fn = O� 1n4� ; Gn = O� 1n4� ; (47)
whi
h follow from (37).Then, using (29) and (46)-(47) we dedu
e2n+�+� h ePn(x)� P�;�n (x)i � �sin � �2����� 32 �
os � �2����� 32n��(� + � + 4) sin � 
os �n� + 12(�+ � + 1)� � 12(�+ 12)���2(� + 2) 
os �n� + 12(�+ � + 3)� � 12(�+ 32)���+O� 1n2� :5. Zeros.Here we will study the properties of the zeros of the generalized Ja
obipolynomials, for non zero values of the masses.THEOREM 1. For n large enough, the orthogonal polynomial ePn(x)has at least n� 4 di�erent, real and simple zeros in (�1; 1).Proof. Let x1; x2; x3; :::; xk be the di�erent real zeros of odd multi-pli
ity of ePn(x) in (�1; 1). Hen
e the sign of the produ
t ePn(x)q(x)does not 
hange 8x 2 (�1; 1), whereq(x) = (x� x1)(x� x2):::(x � xk):Now de�ne h(x) = �1� x2�2 q(x):Thus DU ; ePn(x)h(x)E = DJ�;�; ePn(x)h(x)E > 0;so deg h(x) � n, i.e., k � n� 4. 2
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On a modi�
ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 15COROLLARY 1. When the masses A2; B2 have the same sign, thegeneralized Ja
obi polynomial for n large enough has exa
tly n � 3di�erent, real and simple zeros belonging to the interval (�1; 1).Proof. Let us 
onsider the 
ase of even n and A2; B2 > 0. The other
ases 
an be proved in a similar way.Sin
e ePn(1) > 0 and � ePn�0 (1) < 0 (see (36)), then for some positivex > 1, the polynomial ePn(x) has a minimum. This implies that onthe right of x = 1 it has two zeros, whi
h 
an be 
omplex 
onjugates,real and simple or with multipli
ity 2. Again from (36), sin
e ePn(�1)and � ePn�0 (�1) are negative the polynomial ePn(x) is a 
onvex upwardfun
tion for x < �1 and has a simple real zero; otherwise the numberof zeros o� [-1,1℄ was greater than 4, whi
h yields a 
ontradi
tion. 2COROLLARY 2. For n large enough if A2 > 0, B2 < 0 the gener-alized Ja
obi polynomial has exa
tly 4 zeros o� [�1; 1℄, of whi
h twoare lo
ated on the right of x = 1, and the other two are on the left ofx = �1.PROPOSITION 2. For n large enough, if A2 < 0 and B2 > 0 theorthogonal polynomial ePn(x) has exa
tly n di�erent, real and simplezeros, n� 2 of them belong to the interval (�1; 1), and the two remain-der zeros are outside the interval being one positive and the other onenegative.Proof. Let x1; x2; x3; :::; xk be the di�erent real zeros of odd multi-pli
ity of ePn(x) on the interval (�1; 1) andq(x) = (x� x1)(x� x2):::(x � xk); (48)su
h that the sign of the produ
t ePn(x)q(x) does not 
hange 8x 2(�1; 1). Now de�ne h(x)h(x) = (1� x2)q(x) = (1� x2)(x� x1)(x� x2):::(x � xk): (49)Hen
e, for n large enoughDU ; ePn(x)h(x)E = Z 1�1(1� x2)q(x) ePn(x)�(x)d x+2 h�A2 ePn(1)q(1) +B2 ePn(�1)q(�1)i < 0; (50)whi
h implies that deg h(x) � n, i.e. k � n� 2.To prove that ePn(x) has one real simple negative zero and one realsimple positive zero outside [-1, 1℄ we use the fa
t that for n large
antwerpen1.tex; 23/09/2002; 16:47; p.15



16 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-Nodarseenough ePn(1) < 0, � ePn�0 (1) > 0 (see formula (36)) and the polynomialePn(x) is a 
ontinuous 
onvex upward fun
tion for x > 1, then in somepositive value x > 1 it 
hanges its sign. Using the symmetry property(Proposition 1), Eq. (36), and a similar argument we 
an prove thatthe polynomial has one simple real negative zero o� [-1, 1℄. This impliesthat k = n� 2, hen
e the proposition holds. 2When A2 < 0, B2 > 0 we denote the zeros of ePn(x) as xn;1 < �1 <xn;2 < ::: < xn;n�1 < 1 < xn;n. Now we pro
eed to study the zeros xn;1and xn;n in more detail.PROPOSITION 3. For n large enough xn;n � 1 = O �n���4� andxn;1 + 1 = O �n���4�. More pre
isely1 < xn;n < 1 + p2�+�+5�(�+ 4)�(� + 5)n�+4pA2(�+ 2)(� + 5) +O �n�2��6� ;�1 > xn;1 > �1� p2�+�+5�(� + 4)�(� + 5)n�+4pB2(� + 2)(� + 5) +O �n�2��6� : (51)Proof. Using Taylor's Theorem we have for x > 1,ePn(x) = ePn(1) + � ePn�0 (1)(x � 1)++� ePn�00 (1)(x� 1)22 + � ePn�000 (�)(x� 1)36 ; (52)where 1 < � < x. >From (36) for n large enough, ePn(1) is negative while� ePn�0 (1) is positive. Moreover, ePn(x) is a 
onvex upward fun
tion forx > 1 and has its �rst saddle point (from the right) somewhere atx < 1. Then for all x > 1, � ePn�000 (x) � 0. Hen
eePn(x) � � ePn�00 (1)2 x2 + �� ePn�0 (1)� � ePn�00 (1)� x+� ePn�00 (1)2 � � ePn�0 (1) + ePn(1);and the zero xn;n is lo
ated between the zeros of the quadrati
 polyno-mial on the right hand side of the previous expression. If we denotex1;2 = 1� � ePn�0 (1)� ePn�00 (1) �vuuuut264 � ePn�0 (1)� ePn�00 (1)3752 � 2 ePn(1)� ePn�00 (1) (53)
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On a modi�
ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 17and taking into a

ount (36) and (38) we get� ePn�0 (1)� ePn�00 (1) � 2�+�+3�(�+ 2)�(� + 5)A2(�+ 5)n2�+6 ;ePn(1)� ePn�00 (1) � �2�+�+4�(�+ 4)�(�+ 5)A2(�+ 2)(� + 5)n2�+8 : (54)
Thus, when n is large enoughx2 � 1 + p2�+�+5�(�+ 4)�(� + 5)n�+4pA2(�+ 2)(� + 5) +O �n�2��6� : (55)In the same way, using the symmetry property (1) we �nd the speedof 
onvergen
e for xn;1, then (51) holds. 2PROPOSITION 4. For n large enough, the pair of 
omplex or realzeros z1;2 (z01;2) lo
ated on the right of x = 1 (on the left of x = �1)(see the Corollaries 1 and 2) are su
h that8>>>>>>>>>>>><>>>>>>>>>>>>:

1 < < (z1;2) < 1 + < (Æ)n �2 ;0 � = (z1;2) < ePn(1);�1� < (Æ)n �2 < < �z01;2� < �1;0 � = �z01;2� < ePn(�1) 0 < � < 2; and Æ 2 C : (56)
Proof. Suppose that we have two zeros lo
ated on the right of x = 1,from (32) and (36) the generalized polynomial for x = 1 is positiveand tends to zero, the �rst derivative is negative, whereas P�;�n (1) and�P�;�n �0 (1) tend to +1.Let f~xng1n=1 be the sequen
e~xn = 1 + Æn2�� ;where Æ 2 C is an arbitrary 
onstant, and � 2 (0; 2).If we evaluate (45) in the set f~xng1n=1 we haveePn(~xn)P�;�n (~xn) = 1� 2(� + 2)n �2 �2Æ� 12 +O� 1n� : (57)
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18 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-NodarseSo, from (57) we see that for the values ~xn, P�;�n (x) and ePn(x) havethe same asymptoti
 behavior, then the zeros (and also the minimum)of the generalized Ja
obi polynomials are in (1; ~xn). Then, the resultholds. 2The 
ase when the zeros are lo
ated on the left of x = �1 follows inan analog way.COROLLARY 3. If n tends to in�nity, all the zeros of the generalizedJa
obi polynomials ePn(x) o� [�1; 1℄ tend to �1.Con
erning the distribution of zeros for the generalized Ja
obi poly-nomials inside [-1,1℄ the next result shows that it is an ar
sin distribu-tion.THEOREM 2. Let �n be the dis
rete unit measure de�ned on the Borelsets in C having mass 1n at ea
h zero of ePn(x). Then�n ��! 1�p1� x2 ; (58)in the weak star topology.Proof. From (29) and (47), we getjj ePn(x)jj[�1;1℄ � jAnj jjP�;�n (x)jj[�1;1℄ + n jBnj jjP�+1;�+1n�1 (x)jj[�1;1℄+n jCnj jjP�+1;�+1n (x)jj[�1;1℄ + n jDnj jjP�+1;�+1n�2 (x)jj[�1;1℄+n(n� 1) hjEnj jjP�+2;�+2n�2 (x)jj[�1;1℄ + jFnj jjP�+2;�+2n�1 (x)jj[�1;1℄i+n(n� 1) jGnj jjP�+2;�+2n�3 (x)jj[�1;1℄; (59)
where jj � jj[�1;1℄ denotes the sup-norm in the interval [-1, 1℄.Be
ause of limn!1 jjP�;�n (x)jj 1n[�1;1℄ = 12 (see (G. Szeg�o, 1975)), we dedu
elimn!1 jj ePn(x)jj 1n[�1;1℄ � 12 : (60)Thus, from Theorem 2.1 in (H. P. Blatt, E. B. Sa�, and M. Simkani,1988) �n ��! 1�p1� x2 : (61)2In the next �gures we show some numeri
al examples when the zerosare lo
ated outside the interval [�1; 1℄.
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On a modi�
ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 19Appendix>From (14), (15), and (5) we getK�;�(0;0)n (x; y) = K�;�(0;0)n (�x;�y);K�;�(0;1)n (x; y) = �K�;�(0;1)n (�x;�y);K�;�(1;1)n (x; y) = K�;�(1;1)n (�x;�y): (62)Here we will 
ompute the di�erent Ja
obi kernels, in order to expressthe generalized Ja
obi polynomials as xn+~bnxn�1+ lower degree terms.First of all, we obtain the kernelK�;�(0;0)n�1 (x; 1). Evaluating (15) in y = 1and using (10) to eliminate P�;�n�1(1) and P�;�n�1(x), we obtainK�;�(0;0)n�1 (x; 1) = n�1Xm=0 P�;�m (x)P�;�m (1)jjPmjj2= 1x� 1 P�;�n (x)P�;�n�1(1)� P�;�n�1(x)P�;�n (1)jjPn�1jj2= P�;�n (1) �(1 + x)�P�;�n �0 (x)� nP�;�n (x)�jjPn�1jj2
̂�;�n : (63)
Taking derivates with respe
t to y formula (15) be
omesK�;�(0;1)n�1 (x; y) = n�1Xm=0 P�;�m (x)�P�;�m �0 (y)jjPmjj2 = K�;�(0;0)n�1 (x; y)(x� y)+P�;�n (x)�P�;�n�1�0 (y)� P�;�n�1(x)�P�;�n �0 (y)(x� y)jjPn�1jj2 : (64)Evaluating (64) at y = 1 one getsK�;�(0;1)n�1 (x; 1) = K�;�(0;0)n�1 (x; 1)x� 1 + P�;�n (x)�P�;�n�1�0 (1)jjPn�1jj2(x� 1)��P�;�n �0 (1)P�;�n�1(x)jjPn�1jj2(x� 1) : (65)
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20 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-NodarseIf we now use (11) evaluated in x = 1 to eliminate �P�;�n�1�0 (1) as wellas (10) to substitute P�;�n�1(x) in the above formula we get
K�;�(0;1)n�1 (x; 1) = ��P�;�n �0 (1) �nP�;�n (x)� (1 + x)�P�;�n �0 (x)�jjPn�1jj2
̂�;�n+h(1 + x)P�;�n (1)(P�;�n )0(x)� 2(P�;�n )0(1)P�;�n (x)ijjPn�1jj2
̂�;�n (x� 1) :Now we will use the di�erentiation formula (4) for � = 1 to repla
e�P�;�n �0 (1) by P�;�n (1). This yields
K�;�(0;1)n�1 (x; 1) = �P�;�n �0 (1) �(1 + x)�P�;�n �0 (x)� nP�;�n (x)�jjPn�1jj2
̂�;�n+P�;�n (1) �(1 + x)�P�;�n �0 (x)� n(n+�+�+1)�+1 P�;�n (x)�jjPn�1jj2
̂�;�n (x� 1) : (66)

Finally, using the se
ond order linear di�erential equation (1) we obtain
K�;�(0;1)n�1 (x; 1) = �P�;�n �0 (1) �(1 + x)�P�;�n �0 (x)� nP�;�n (x)�jjPn�1jj2
̂�;�n�P�;�n (1) �(1 + �)�P�;�n �0 (x) + (x+ 1)�P�;�n �00 (x)�jjPn�1jj2
̂�;�n (�+ 1) : (67)
Handling as above, it is not diÆ
ult to dedu
e a similar expressionfor the kernels K�;�(0;0)n�1 (x;�1) and K�;�(0;1)n�1 (x;�1). Applying formulas
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ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 21(10)-(15) and (64) and evaluating them at y = �1, we getK�;�(0;0)n�1 (x;�1) = P�;�n (�1) �(x� 1)�P�;�n �0 (x)� nP�;�n (x)�jjPn�1jj2
̂�;�n ;K�;�(0;1)n�1 (x;�1) = �P�;�n �0 (�1)jjPn�1jj2
̂�;�n� �(x� 1)�P�;�n �0 (x)� nP�;�n (x)�+P�;�n (�1) �(1� x)�P�;�n �00 (x)� (�+ 1)�P�;�n �0 (x)�jjPn�1jj2
̂�;�n (� + 1) ;
(68)

respe
tively. Now we obtain the kernel K�;�(1;1)n�1 (x; 1) in terms of thepolynomials P�;�n (x) and their �rst, se
ond and third derivatives. From(67), after some straightforward 
al
ulations we �ndK�;�(1;1)n�1 (x; 1) = 1jjPn�1jj2
̂�;�n ��P�;�n �0 (1)� �(1 + x)�P�;�n �00 (x)� (n� 1)�P�;�n �0 (x)�� P�;�n (1)(�+ 1)� �(2 + �)�P�;�n �00 (x) + (x+ 1)�P�;�n �000 (x)�� : (69)
K�;�(1;1)n�1 (x;�1) = 1jjPn�1jj2
̂�;�n ��P�;�n �0 (�1)� �(x� 1)�P�;�n �00 (x)� (n� 1)�P�;�n �0 (x)�+ P�;�n (�1)(� + 1)� �(x� 1)�P�;�n �000 (x)� (2 + �)�P�;�n �00 (x)� : (70)

antwerpen1.tex; 23/09/2002; 16:47; p.21



22 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-NodarseAs simple 
onsequen
es of (63) and (67)-(69), we getK�;�(0;0)n�1 (1; 1) = �P�;�n (1)�2 n(n+ �)jjPn�1jj2
̂�;�n (�+ 1) ;K�;�(0;0)n�1 (1;�1) = �nP�;�n (�1)P�;�n (1)jjPn�1jj2
̂�;�n : (71)
K�;�(0;1)n�1 (1; 1) = �P�;�n �0 (1)P�;�n (1)(n+ �)(n� 1)jjPn�1jj2
̂�;�n (�+ 2) ;K�;�(0;1)n�1 (1;�1) = ��P�;�n �0 (�1)P�;�n (1)(n � 1)jjPn�1jj2
̂�;�n ; (72)
K�;�(1;1)n�1 (1; 1) = P�;�n (1)�P�;�n �0 (1)(n � 1)(n+ �)2jjPn�1jj2
̂�;�n (�+ 1)(�+ 2)(� + 3)� [n(�+ 2)(n+ �+ �)� (�+ 1)(�+ � + 2)℄ ;K�;�(1;1)n�1 (1;�1) = ��P�;�n �0 (�1)P�;�n (1)(n � 1)2jjPn�1jj2
̂�;�n (�+ 1)� [n(n+ �+ �)� �� � � 2℄ :

(73)
A
knowledgementsThe resear
h of the three authors (JA, RAN and FM) was supportedby Dire

i�on General de Ense~nanza Superior (DGES) of Spain undergrant PB 96-0120-C03-01 and the European proje
t INTAS-93-219-ext.Referen
esR. �Alvarez-Nodarse and F. Mar
ell�an. A Generalization of the Classi
al LaguerrePolynomials. Rend. Cir
. Mat. Palermo, Serie II, 44:315{329, 1995.R. �Alvarez-Nodarse and F. Mar
ell�an. A Generalization of the Classi
al LaguerrePolynomials: Asymptoti
 Properties and zeros. Appl. Anal., 62:349{366, 1996.

antwerpen1.tex; 23/09/2002; 16:47; p.22



On a modi�
ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 23J. Arves�u. Analyti
 and algebrai
 properties of polynomials with several models oforthogonality: q-dis
retes, Sobolev-type and semi
lassi
als. PhD thesis, CarlosIII University of Madrid, 1999.J. Arves�u, R. �Alvarez-Nodarse, F. Mar
ell�an, and K. H. Kwon. Some extensionof the Bessel-type orthogonal polynomials. Integral Trans. and Spe
ial Fun
t.,7(3-4):191{214, 1998.S. L. Belmehdi and F. Mar
ell�an. Orthogonal polynomials asso
iated to somemodi�
ations of a linear fun
tional. Appl. Anal., 46(1):1{24, 1992.C. Bernardi and Y. Maday. Some spe
tral approximation of one-dimensional fourthorder problems. In P. Nevai and A. Pinkus, editors, Progress in ApproximationTheory, A
ademi
 Press, San Diego, 43{116, 1991.H. P. Blatt, E. B. Sa�, and M. Simkani. Jentzs
h-Szeg�o type Theorems for the zerosof best approximants. J. London Math. So
., 38:307{316, 1988.T. S. Chihara. Orthogonal polynomials and measures with end point masses. Ro
kyMount. J. of Math., 15(3):705{719, 1985.N. Dra��di. Sur l'adjon
tion de deux masses de Dira
 �a une forme lin�eaire r�eguli�erequel
onque. Th�ese Do
torat de l'Universit�e Pierre et Marie Curie, Paris, 1990.N. Dra��di and P. Maroni. Sur l'adjon
tion de deux masses de Dira
 �a une former�eguli�ere quel
onque. In A. Ca
hafeiro and E. Godoy, editors, Polinomiosortogonales y sus apli
a
iones, Universidad de Santiago, Vigo, Spain, 83{90,1988.A. A. Gon
har. On the 
onvergen
e of Pad�e approximants for some 
lasses ofmeromorphi
 fun
tions. Mat. Sb., 97(139):607{629, 1975; English transl. inMath.USSR Sb., 26, 1975.J. Koekoek and R. Koekoek. On a di�erential equation for Koornwinder's generalizedLaguerre polynomials. Pro
. Amer. Math. So
., 112:1045{1054, 1991.R. Koekoek. Koornwinder's Laguerre Polynomials. Delft Progress Report., 12:393{404, 1988.R. Koekoek. Generalizations of the 
lassi
al Laguerre Polynomials and some q-analogues. PhD thesis, Delft University of Te
hnology, 1990.T. H. Koornwinder. Orthogonal polynomials with weight fun
tion (1�x)�(1+x)�+MÆ(x+ 1) +NÆ(x� 1). Canad. Math. Bull, 27(2):205{214, 1984.A. M. Krall. Orthogonal Polynomials satisfying fourth order di�erential equations.Pro
. Roy. So
. Edinburgh, 87:271{288, 1981.H L. Krall: On Orthogonal Polynomials satisfying a 
ertain fourth order di�erentialequation. The Pennsylvania State College Bulletin, 6:1{24, 1940.K. H. Kwon and S. B. Park. Two points masses perturbation of regular momentfun
tionals. Indag. Math. N. S., 8(1):79{93, 1997.G. L�opez. Convergen
e of Pad�e approximants of Stieltjes type meromorphi
 fun
-tions and 
omparative asymptoti
 for orthogonal polynomials. Math. USSR Sb.,64:207{227, 1989.F. Mar
ell�an and P. Maroni. Sur l'adjon
tion d'une masse de Dira
 �a une former�eguli�ere et semi-
lassique. Ann. Mat. Pura ed Appl., IV(CLXII):1{22, 1992.F. Mar
ell�an and A. Ronveaux. Di�erential equations for 
lassi
al type orthogonalpolynomials. Canad. Math. Bull., 32(4):404{411, 1989.P. Nevai. Orthogonal Polynomials. Memoirs of the Amer. Math. So
., 213,Providen
e, Rhode Island, 1979.F. W. J. Olver. Asymptoti
s and Spe
ial Fun
tions. A
ademi
 Press In
., NewYork, 1974.G. Szeg�o. Orthogonal Polynomials. Amer. Math. So
. Colloq. Publ., 23, Providen
e,Rhode Island, 1975 (4th edition).
antwerpen1.tex; 23/09/2002; 16:47; p.23



24 Jorge Arves�u, Fran
is
o Mar
ell�an and Renato �Alvarez-Nodarse
-1 -0.5 0.5 1

-0.2

-0.1

0.1

0.2

Comparison between 
lassi
al (bold line)and generalized polynomials forn = 5, A1 = �0:5, B1 = 0, A2 = 0,B2 = 0, � = � = 0, and x 2 [�1:2; 1:2℄.
-1 -0.5 0.5 1

       -6
-7.5 10

      -6
-5. 10

       -6
-2.5 10

      -6
2.5 10

     -6
5. 10

      -6
7.5 10

Comparison between 
lassi
al (bold line)and generalized polynomials forn = 20, A1 = 0, B1 = 0, A2 = �4,B2 = 2, � = � = 1, and x 2 [�1:1; 1:1℄.Figure 1. Some numeri
al tests performed by using the symboli
 
omputer algebrapa
kage Mathemati
a to show the number of zeros for both families of orthogonalpolynomials. These graphi
s are in a

ordan
e with the previous results.
antwerpen1.tex; 23/09/2002; 16:47; p.24



On a modi�
ation of the Ja
obi linear fun
tional: asymptoti
 properties and zeros 25
-1 -0.5 0.5 1 1.5

-0.06

-0.04

-0.02

0.02

0.04

0.06

Comparison between 
lassi
al (bold line)and generalized polynomials forn = 6, A1 = B1 = 0, A2 = 10, B2 = �103,� = 0, � = 10, and x 2 [�1:1; 1:5℄.
-1 -0.5 0.5 1

-0.2

-0.1

0.1

0.2

0.3

Comparison between 
lassi
al (bold line)and generalized polynomials forn = 5, A1 = B1 = 0, A2 = �0:5, B2 = �106,� = � = 0, and x 2 [�1:2; 1:2℄.Figure 2. Some numeri
al tests performed by using the symboli
 
omputer algebrapa
kage Mathemati
a to show the number of zeros for both families of orthogonalpolynomials. These graphi
s are in a

ordan
e with the previous results.
antwerpen1.tex; 23/09/2002; 16:47; p.25



antwerpen1.tex; 23/09/2002; 16:47; p.26


