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2 Jorge Arves�u, Franiso Marell�an and Renato �Alvarez-NodarseSuh a kind of modi�ation of a linear funtional appear when anextension of the Gauss-Lobatto quadrature formulas is onsidered. Infat, in (C. Bernardi and Y. Maday, 1991) suh quadrature formulasare used in a spetral method for solving a mono-dimensional fourthorder di�erential problem. Here, the boundary onditions are values ofthe solution and its �rst derivative in the ends of the interval (-1,1).The aforementioned modi�ations were �rstly studied in (H. L. Krall,1940) when he onsidered the polynomial solution of ertain fourthorder linear di�erential equations. There H. L. Krall obtained, apartthe lassial orthogonal polynomials (Hermite, Jaobi, Laguerre andBessel), three new families of orthogonal polynomials with respet topositive measures with an absolutely ontinuous part plus some masspoints. More preisely, the so-alled lassial-type orthogonal polyno-mials appear. Another approah to this subjet was presented in (A.M. Krall, 1981).The analysis of the asymptoti properties of polynomials orthogo-nal with respet to a perturbation of a measure via the addition ofmass points was introdued by Nevai (P. Nevai, 1979). In partiular,he proved how the loation of the mass points with respet to thesupport of the measure has an inuene in the asymptoti behaviourof perturbed polynomials.The algebrai properties for suh polynomials have attrated the in-terest of many researhers. A general approah when a modi�ation of alinear funtional in the linear spae of polynomials with real oeÆientsvia the addition of one delta Dira measure was started by Chihara(T. S. Chihara, 1985) in the positive de�nite ase and Marell�an andMaroni (F. Marell�an and P. Maroni, 1992) for quasi-de�nite linearfuntionals. From the point of view of di�erential equations see (F.Marell�an and A. Ronveaux, 1989). For two point masses there existvery few examples in the literature (see (N. Dra��di, 1990; R. Koekoek,1990; T. H. Koornwinder, 1984; K. H. Kwon and S.B. Park, 1997)) butthe diÆulties inrease as shows (N. Dra��di and P. Maroni, 1988).A speial emphasis was given to the modi�ations of lassial linearfuntionals (Hermite, Laguerre, Jaobi and Bessel) in the frameworkof the so-alled semilassial orthogonal polynomials. In (T. H. Koorn-winder, 1984) the Jaobi ase with two masses at points x = �1 wasonsidered. The hypergeometri representation of the resulting poly-nomials as well as the existene of a seond order di�erential equationthat suh polynomials satisfy have been established. Also the partiularases of the Krall-type polynomials (A. M. Krall, 1981; H. L. Krall,1940) have been obtained from this general ase as speial ases orlimit ases. In (J. Koekoek and R.Koekoek, 1991; R. Koekoek, 1988; R.Koekoek, 1990) the Laguerre ase was onsidered in details.
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On a modi�ation of the Jaobi linear funtional: asymptoti properties and zeros 3The perturbation of a linear funtional via the addition of the deriva-tives of a delta Dira measure was started in (S. L. Belmehdi and F.Marell�an, 1992). In partiular, neessary and suÆient onditions forthe existene of a sequene of polynomials orthogonal with respet tosuh a linear funtional are obtained. Furthermore, an extensive studyfor the new orthogonal polynomials was performed when the initialfuntional is semilassial. This problem an be onsidered as a limitase of two masses loated in two lose points. The study of suh a kindof modi�ations of a linear funtional has known an inreasing interestduring the past years sine their appliations in approximation theory(see (A. A. Gonhar, 1975) for the bounded ase and (G. L�opez, 1989)for the unbounded one).First, in (R. �Alvarez-Nodarse and F. Marell�an, 1995; R. �Alvarez-Nodarse and F. Marell�an, 1996) the perturbation of the Laguerrelinear funtional when we add the linear funtionalM0Æ(x)+M1Æ0(x) isanalyzed. More preisely they studied the behavior of the polynomialsand their zeros as well as the hypergeometri harater of them.More reently, Arves�u et al. (J. Arves�u, R. �Alvarez-Nodarse, F.Marell�an, and K.H. Kwon, 1998) have analyzed a generalization of theBessel polynomials, whih appears when one perturbs the Bessel linearfuntional by the addition of the linear funtional M0Æ(x) +M1Æ0(x).In partiular, the hypergeometri harater of these polynomials andthe behavior of their zeros were studied. In the present work we willdeal with the Jaobi ase.The plan of the paper is the following. In Setion 2 we give some re-sults onerning the Jaobi polynomials. Using these results in Setion3 we obtain a general formula for the generalized Jaobi polynomialsin terms of the lassial ones and their �rst and seond derivatives.This allows us to �nd a symmetry property in the same sense as in (T.H. Koornwinder, 1984). Finally, in Setion 4 we study the asymptotiproperties whih are useful to investigate in Setion 5 the loation ofzeros of suh polynomials.2. Some Preliminary Results.In this setion we have enlosed some formulas for the Jaobi poly-nomials whih are useful in the analysis of polynomials orthogonalwith respet to the linear funtional (16) from below. All the formulasas well as some speial properties for the Jaobi polynomials an befound in the literature of speial funtions, see for instane the lassialmonograph Orthogonal Polynomials by Szeg�o (G. Szeg�o, 1975, Chapter5). In this work we will use moni polynomials, i.e., polynomials with
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4 Jorge Arves�u, Franiso Marell�an and Renato �Alvarez-Nodarseleading oeÆient equal to 1, (Pn(x) = xn + bnxn�1+ lower degreeterms).The Jaobi polynomials P�;�n (x) are the polynomial solution of theseond order linear di�erential equation of hypergeometri type�(x) y00(x) + �(x) y0(x) + �n y(x) = 0; (1)where�(x) = (1�x2); �(x) = ���� (�+�+2)x; �n = n(n+�+�+1);respetively.They are orthogonal with respet to the linear funtional J�;� onthe linear spae P of polynomials with real oeÆients de�ned byhJ�;�; P i = Z 1�1 P (x)(1 � x)�(1 + x)�dx; �; � > �1; P 2 P: (2)The orthogonality relation isZ 1�1 P�;�n (x)P�;�m (x)(1 � x)�(1 + x)�dx = ÆnmjjP�;�n jj2; (3)jjP�;�n jj2 = 2�+�+2n+1n!�(n+ �+ 1)�(n+ � + 1)�(n+ �+ � + 1)(2n + �+ � + 1)(n+ �+ � + 1)2n :They satisfy the di�erentiation formula(P�;�n (x))(�) = n!(n� �)!P�+�;�+�n�� (x); � = 0; 1; : : : ; (4)where n = 1; 2; : : :, and (P�;�n (x))(�) denotes the � � th derivative ofthe funtion. Furthermore, the following symmetry property holdsP�;�n (x) = (�1)nP �;�n (�x): (5)Now, from the struture relation(1� x2)P 0n(x) = ~�nPn+1(x) + ~�nPn(x) + ~nPn�1(x); n � 0; (6)where ~�n = �n;~�n = 2(� � �)n(n+ �+ � + 1)(2n+ �+ �)(2n+ 2 + �+ �) ;~n = 4n(n+ �)(n+ �)(n+ �+ �)(n+ �+ � + 1)(2n+ �+ � � 1)(2n+ �+ �)2(2n+ �+ � + 1) ; (7)
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On a modi�ation of the Jaobi linear funtional: asymptoti properties and zeros 5and the three-term reurrene relation,xPn(x) = Pn+1(x) + ��;�n Pn(x) + �;�n Pn�1(x); (8)where ��;�n = �2 � �2(2n+ �+ �)(2n+ 2 + �+ �) ;�;�n = 4n(n+ �)(n+ �)(n+ �+ �)(2n+ �+ � � 1)(2n + �+ �)2(2n+ �+ � + 1) ; (9)we dedueP�;�n�1(x) = (1� x2)(P�;�n )0(x)̂�;�n � h~�n � n(x� ��;�n )iP�;�n (x)̂�;�n ;̂�;�n = (2n+ �+ � + 1)�;�n : (10)If we take derivates in the above formula we obtain(P�;�n�1)0(x) = ��2x+ h~�n � n(x� ��;�n )i� (P�;�n )0(x)̂�;�n+nP�;�n (x)̂�;�n + (1� x2)(P�;�n )00(x)̂�;�n ; (11)where ̂�;�n and ~�n are given in (7) and (10), respetively.The Jaobi polynomials have the following representation as hyperge-ometri seriesP�;�n (x) = 2n(�+ 1)n(n+ �+ � + 1)n 2F1 �n; n+ �+ � + 1�+ 1 �����1� x2 ! ; (12)where pFq � a1; a2; :::; apb1; b2; :::; bq ����x� = 1Xk=0 (a1)k(a2)k � � � (ap)k(b1)k(b2)k � � � (bq)k xkk! ;and (a)k with k = 1; 2; : : : is the Pohhammer symbol or shifted fato-rial de�ned by(a)0 := 1; (a)k := a(a+ 1)(a + 2) � � � (a+ k � 1) = �(a+ k)�(a) ;
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6 Jorge Arves�u, Franiso Marell�an and Renato �Alvarez-NodarseA onsequene of this representation isP�;�n (1) = 2n(�+ 1)n(n+ �+ � + 1)n ; P�;�n (�1) = (�1)n2n(� + 1)n(n+ �+ � + 1)n : (13)Throughout this work we will useK�;�(p;q)n (x; y) = nXm=0 (P�;�m )(p)(x)(P�;�m )(q)(y)jjPmjj2= �p+q�xp�yqK�;�(0;0)n (x; y); (14)in order to denote the kernels of the Jaobi polynomials, as well as theirderivatives with respet to x and y, respetively. For p = q = 0 andn = 1; 2; : : : the well known Christo�el-Darboux formulan�1Xm=0 P�;�m (x)P�;�m (y)jjPmjj2 = P�;�n (x)P�;�n�1(y)� P�;�n�1(x)P�;�n (y)(x� y)jjPn�1jj2 ; (15)holds. 3. The De�nition and Orthogonal Relation.Consider the linear funtional U on P, de�ned ashU ; P i = hJ�;�; P i+A1P (1) +B1P (�1) +A2P 0(1) +B2P 0(�1); (16)where J�;� is the Jaobi linear funtional (2).For large n we will determine the moni polynomial ePn(x) whihis orthogonal with respet to the funtional (16). The reason for thisassumption is to guarantee the existene of the polynomials for allvalues of the masses A1, B1, A2 and B2. To obtain this we write theFourier expansion of the generalized Jaobi polynomials in terms of theJaobi polynomialsePn(x) := P�;�;A1;B1;A2;B2n (x) = P�;�n (x) + n�1Xk=0 an;kP�;�k (x); (17)where P�;�n (x) denotes the Jaobi moni polynomial of degree n. To �ndthe oeÆients an;k we an use the orthogonality of the polynomialsePn(x) with respet to U , i.e.,DU ; ePn(x)P�;�k (x)E = 0; 0 � k < n:
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On a modi�ation of the Jaobi linear funtional: asymptoti properties and zeros 7Putting (17) in (16) we �nd:DU ; ePn(x)P�;�k (x)E = DJ�;�; ePn(x)P�;�k (x)E+A1 ePn(1)P�;�k (1) +B1 ePn(�1)P�;�k (�1)+ A2 � ePn(x)P�;�k (x)�0����x=1 + B2 � ePn(x)P�;�k (x)�0����x=�1 ; (18)
where eP 0n(x) and �P�;�n (x)�0 denote the �rst derivatives of the general-ized and the Jaobi polynomials, respetively. If we use the deompo-sition (17) and taking into aount the orthogonality of the Jaobipolynomials with respet to the linear funtional J�;� we �nd thefollowing expression for the oeÆients an;kan;k = �A1 ePn(1)P�;�k (1) +B1 � ePn�0 (�1)P�;�k (�1)jjPkjj2�A2 �� ePn�0 (1)P�;�k (1) + ePn(1)�P�;�k �0 (1)�jjPkjj2�B2 �� ePn�0 (�1)P�;�k (�1) + ePn(�1)�P�;�k �0 (�1)�jjPkjj2 : (19)
Finally (17) beomesePn(x) = P�;�n (x)�A1 ePn(1)K�;�(0;0)n�1 (x; 1)�B1 ePn(�1)K�;�(0;0)n�1 (x;�1) �A2 � ePn�0 (1)K�;�(0;0)n�1 (x; 1)�B2 � ePn�0 (�1)K�;�(0;0)n�1 (x;�1) �A2 ePn(1)K�;�(0;1)n�1 (x; 1)�B2 ePn(�1)K�;�(0;1)n�1 (x;�1): (20)
In order to �nd ePn(1), ePn(�1), � ePn�0 (1) and � ePn�0 (�1) we an takederivatives in (20) and evaluate the resulting equation, as well as (20),at x = 1 and x = �1. This leads us to a linear system of equationsK � ~Pn = Pn; (21)
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8 Jorge Arves�u, Franiso Marell�an and Renato �Alvarez-Nodarsebeing K := I4 +K4(n);where I4 is the identity matrix and K4(n) = (M1jM2jM3jM4) with thefollowing olumn vetorsM1 = A10BBB� K�;�(0;0)n�1 (1; 1)K�;�(0;0)n�1 (1;�1)K�;�(0;1)n�1 (1; 1)K�;�(0;1)n�1 (1;�1) 1CCCA+A20BBB� K�;�(0;1)n�1 (1; 1)K�;�(0;1)n�1 (�1; 1)K�;�(1;1)n�1 (1; 1)K�;�(1;1)n�1 (1;�1) 1CCCA ;
M2 = B10BBB� K�;�(0;0)n�1 (1;�1)K�;�(0;0)n�1 (�1;�1)K�;�(0;1)n�1 (�1; 1)K�;�(0;1)n�1 (�1;�1) 1CCCA+B20BBB� K�;�(0;1)n�1 (1;�1)K�;�(0;1)n�1 (�1;�1)K�;�(1;1)n�1 (1;�1)K�;�(1;1)n�1 (�1;�1) 1CCCA ;

M3 = A20BBB� K�;�(0;0)n�1 (1; 1)K�;�(0;0)n�1 (1;�1)K�;�(0;1)n�1 (1; 1)K�;�(0;1)n�1 (1;�1) 1CCCA ; M4 = B20BBB� K�;�(0;0)n�1 (1;�1)K�;�(0;0)n�1 (�1;�1)K�;�(0;1)n�1 (�1; 1)K�;�(0;1)n�1 (�1;�1) 1CCCA :~Pn and Pn are the olumn vetors~Pn = 0BBBBB� ePn(1)ePn(�1)� ePn�0 (1)� ePn�0 (�1)
1CCCCCA ; Pn = 0BBB� P�;�n (1)P�;�n (�1)(P�;�n )0(1)(P�;�n )0(�1) 1CCCA ;respetively. Let us denote Kj(Pn) the matrix obtained substitutingthe j olumn in K by Pn. Then, by the Cramer's rule, the system (21)has a unique solution if and only if the determinant of K is di�erentfrom zero. Moreover, the solution isePn(1) = detK1(Pn)detK ; ePn(�1) = detK2(Pn)detK ;� ePn�0 (1) = detK3(Pn)detK ; � ePn�0 (�1) = detK4(Pn)detK : (22)Then, the existene of the generalized polynomials is guaranteed if andonly if detK does not vanish for every n � 0. Later on, from the
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On a modi�ation of the Jaobi linear funtional: asymptoti properties and zeros 9asymptoti formulas for the kernels (33)-(35) we will onlude that forn large enough the moni polynomial ePn(x) exists.PROPOSITION 1. The following symmetry properties for the gener-alized Jaobi polynomials and their �rst derivatives holdP�;�;A1;B1;A2;B2n (�x) = (�1)nP �;�;B1;A1;�B2;�A2n (x); (23)(P�;�;A1;B1;A2;B2n )0(�1) = (�1)n+1(P �;�;B1;A1;�B2;�A2n )0(1): (24)Later on, will be useful to have an expliit representation of the gener-alized Jaobi polynomials in terms of the lassial ones. To do that werewrite the equation (20) in the formePn(x) = (1 + n�n + n�n)P�;�n (x)+ [�n(1� x)� �n(1 + x) + (� + 1)�n + (�+ 1)!n℄�P�;�n (x)�0+ [�n(1 + x)� !n(1� x)℄�P�;�n (x)�00 ; (25)where �n = �B1 � n(n+ �+ � + 1)B22(� + 1) �C�;�;B1;A1;�B2;�A2n�B2D�;�;B1;A1;�B2;�A2n ;�n = �A1 + n(n+ �+ � + 1)A22(�+ 1) �C�;�;A1;B1;A2;B2n+A2D�;�;A1;B1;A2;B2n ; (26)
�n = A2C�;�;A1;B1;A2;B2n(� + 1) ;!n = B2C�;�;B1;A1;�B2;�A2n (� + 1) ; (27)and C�;�;A1;B1;A2;B2n = ePn(1)P�;�n (1)jjPn�1jj2̂�;�n ;D�;�;A1;B1;A2;B2n = � ePn�0 (1)P�;�n (1)jjPn�1jj2̂�;�n : (28)
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10 Jorge Arves�u, Franiso Marell�an and Renato �Alvarez-NodarseNotie that �n; �n; �n, and !n depend on n; �; �;A1; B1; A2, and B2.Now, using (4)-(8) we an rewrite (25) as followsePn(x) = AnP�;�n (x) + n hBnP�+1;�+1n�1 (x) + CnP�+1;�+1n (x)i+n hDnP�+1;�+1n�2 (x) + (n� 1)EnP�+2;�+2n�2 (x)i+n(n� 1) hFnP�+2;�+2n�1 (x) +GnP�+2;�+2n�3 (x)i ; (29)whereBn = �n � �n + Cn��+1;�+1n�1 + (� + 1)�n + (�+ 1)!n;An = 1� nCn; Cn = �(�n + �n); Dn = Cn�+1;�+1n�1 ;En = �n � !n + Fn��+2;�+2n�2 ; Fn = �n + !n; Gn = Fn�+2;�+2n�2 : (30)We would like to remark here that the generalized Jaobi polynomialssatisfy a seond order linear di�erential equation (SODE). To dedue itone an rewrite the representation formula (25) in terms of the polyno-mials and their �rst derivatives, and using that the Jaobi polynomialssatisfy a SODE. 4. Some Asymptoti Formulas.In this setion we will study some asymptoti formulas for the gen-eralized Jaobi polynomials. More preisely, the relative asymptotisePn(x)=P�;�n (x), outside the interval [-1,1℄ and the di�erene betweenthe new polynomials and the lassial ones, inside [-1,1℄. First of all,we need to obtain some asymptoti formulas onerning to the lassialpolynomials and their kernels. In order to do that we use the asymptotiformula for the Gamma funtion see ((F. W. J. Olver, 1974, formula8.16, page 88) and (G. Szeg�o, 1975))�(ax+ b) � p2�e�ax(a x)a x+b� 12 ; x >> 1; a; b; x 2 R: (31)Taking into aount (3), (4) and (13), we �nd the following asymptotiformulas for k 2 N(P�;�n )(k)(1) � p�n�+2k+ 12�(�+ k + 1)2n+�+�+k ; jjP�;�n�1jj2 � �22n+�+��2 ; (32)
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On a modi�ation of the Jaobi linear funtional: asymptoti properties and zeros 11and K�;�(0;0)n�1 (1; 1) � n2�+2�(�+ 1)�(�+ 2)2�+�+1 ;K�;�(0;0)n�1 (1;�1) � (�1)n+1n�+�+1�(�+ 1)�(� + 1)2�+�+1 ; (33)
K�;�(0;1)n�1 (1; 1) � n2�+4�(�+ 1)�(�+ 3)2�+�+2 ;K�;�(0;1)n�1 (1;�1) � (�1)nn�+�+3�(� + 2)�(�+ 1)2�+�+2 ; (34)
K�;�(1;1)n�1 (1; 1) � (�+ 2)n2�+6�(�+ 2)�(�+ 4)2�+�+3 ;K�;�(1;1)n�1 (1;�1) � (�1)nn�+�+5�(�+ 2)�(� + 2)2�+�+3 ; (35)where xn � yn means that limn!1 xn=yn = 1. To obtain the otherkernels, as well as their estimates, we an use the symmetry properties(62) and (33)-(35).>From these asymptoti formulas, (33)-(35), and doing some straight-forward alulations we �nd that for n large enoughdetK � O(n16+4�+4�):Then, the existene of ePn(x) for n large enough is guaranteed for anyhoie of non zero masses A1, B1, A2 and B2. Now using the symmetryproperty (5) and the asymptoti formulas (32)-(35), we an omputethe asymptoti behavior of the generalized Jaobi polynomials, as wellas their �rst derivatives at the points �1, i.e.,ePn(1) � p��(�+ 4)2n�2A2n 72+� ; ePn(�1) � (�1)n+1 p��(� + 4)2n�2B2n 72+� ;� ePn�0 (1) � � p��(�+ 3)2n�1A2n 32+� ; � ePn�0 (�1) � (�1)n+1p��(� + 3)2n�1B2n 32+� : (36)
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12 Jorge Arves�u, Franiso Marell�an and Renato �Alvarez-Nodarse>From (32)-(36) we an give the estimates for the onstants de�ned by(26)-(28) C�;�;A1;B1;A2;B2 � 2 �(�+ 4)A2�(�+ 1)n4 ;D�;�;A1;B1;A2;B2 � � �(�+ 3)A2�(�+ 1)n2 ;�n � 2(� + 2)n2 ; �n � 2(�+ 2)n2 ; �n � 2(� + 2)(� + 3)n4 ;!n � �2(� + 2)(� + 3)n4 : (37)
Finally, from (25), taking derivatives two times and using (32) and (37)we �nd � ePn�00 (1) � �p�n�+ 92 (�+ 2)(� + 5)�(�+ 5)2n+�+�+2 : (38)To obtain the relative asymptotis ePn(z)=P�;�n (z), outside the inter-val [-1,1℄ we need to do some manipulations. First, we multiply (25)by �(z), and using the SODE (1) we �nd the following equivalentrepresentation formula�(z) ePn(z) = a(z;n)P�;�n (z) + b(z;n)�P�;�n (z)�0 ; (39)where a(z;n); b(z;n) are polynomials of uniformly bounded degree in zwith oeÆients depending on n given bya(z;n) = (1 + n�n + n�n)�(z)� �n [�n(1 + z)� !n(1� z)℄ ;b(z;n) = [�n(1� z)� �n(1 + z) + (� + 1)�n + (� + 1)!n℄�(z)��(z) [�n(1 + z)� !n(1� z)℄ : (40)Seond, we will rewrite (39) in the formePn(z) = ~a(z;n)P�;�n (z) + ~b(z;n)�P�;�n (z)�0 ; (41)where ~a(z;n) = (1 + n�n + n�n)� �n � �n(1� z) � !n(1 + z)�� 1 + 2(�+ � + 4)n � 2n2 �(�+ 2)(� + 3)(1� z) + (� + 2)(� + 3)(1 + z) � ; (42)
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On a modi�ation of the Jaobi linear funtional: asymptoti properties and zeros 13~b(z;n) = [�n(1 � z)� �n(1 + z) + (� + 1)�n + (�+ 1)!n℄��(x) � �n(1� z) � !n(1 + z)�� 2n2 [(� + 2)(1 � z)� (�+ 2)(1 + z)℄+ 2n4 [(� + 1)(� + 2)(� + 3)� (�+ 1)(� + 2)(� + 3)℄�2[� � �� (�+ � + 2)z℄n4 �(�+ 2)(�+ 3)(1� z) + (� + 2)(� + 3)(1 + z) � :
(43)

Then, from (41) and using (42)-(44), as well as,1n (P�;�n )0(z)P�;�n (z) = 1pz2 � 1 + o (1) ; (44)we obtain the following estimate for the ratioePn(z)P�;�n (z) = 1 + 2(� + 2)n "1�rz � 1z + 1#+2(�+ 2)n "1�rz + 1z � 1#+ o� 1n� ; (45)where z 2 C n[�1; 1℄.In order to obtain the asymptoti behavior of the di�erene betweenthe new polynomials and the lassial ones, when z belongs to [�1; 1℄,we use the Darboux formula for the asymptotis of the Jaobi poly-nomials on the interval � 2 ["; � � "℄; 0 < " << 1 (G. Szeg�o, 1975,equation 8.21.10 page 196)anP�;�n (os �) = �sin �2���� 12 �os �2���� 12pn�� os �n� + 12(�+ � + 1)� � 12(�+ 12)��+O� 1n 32 � ; (46)
with an = (n+ �+ � + 1)n2n n! � 2n+�+�pn� .
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14 Jorge Arves�u, Franiso Marell�an and Renato �Alvarez-NodarseThe expression (29), as well as the following asymptoti estimatesfor the oeÆientsAn � 1 + 2(�+ � + 4)n ; Bn � 2(� � �)n2 ;Cn � �2(�+ � + 4)n2 ; Dn � �(�+ � + 4)2n2 ;En = O� 1n6� ; Fn = O� 1n4� ; Gn = O� 1n4� ; (47)
whih follow from (37).Then, using (29) and (46)-(47) we dedue2n+�+� h ePn(x)� P�;�n (x)i � �sin � �2����� 32 �os � �2����� 32n��(� + � + 4) sin � os �n� + 12(�+ � + 1)� � 12(�+ 12)���2(� + 2) os �n� + 12(�+ � + 3)� � 12(�+ 32)���+O� 1n2� :5. Zeros.Here we will study the properties of the zeros of the generalized Jaobipolynomials, for non zero values of the masses.THEOREM 1. For n large enough, the orthogonal polynomial ePn(x)has at least n� 4 di�erent, real and simple zeros in (�1; 1).Proof. Let x1; x2; x3; :::; xk be the di�erent real zeros of odd multi-pliity of ePn(x) in (�1; 1). Hene the sign of the produt ePn(x)q(x)does not hange 8x 2 (�1; 1), whereq(x) = (x� x1)(x� x2):::(x � xk):Now de�ne h(x) = �1� x2�2 q(x):Thus DU ; ePn(x)h(x)E = DJ�;�; ePn(x)h(x)E > 0;so deg h(x) � n, i.e., k � n� 4. 2
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On a modi�ation of the Jaobi linear funtional: asymptoti properties and zeros 15COROLLARY 1. When the masses A2; B2 have the same sign, thegeneralized Jaobi polynomial for n large enough has exatly n � 3di�erent, real and simple zeros belonging to the interval (�1; 1).Proof. Let us onsider the ase of even n and A2; B2 > 0. The otherases an be proved in a similar way.Sine ePn(1) > 0 and � ePn�0 (1) < 0 (see (36)), then for some positivex > 1, the polynomial ePn(x) has a minimum. This implies that onthe right of x = 1 it has two zeros, whih an be omplex onjugates,real and simple or with multipliity 2. Again from (36), sine ePn(�1)and � ePn�0 (�1) are negative the polynomial ePn(x) is a onvex upwardfuntion for x < �1 and has a simple real zero; otherwise the numberof zeros o� [-1,1℄ was greater than 4, whih yields a ontradition. 2COROLLARY 2. For n large enough if A2 > 0, B2 < 0 the gener-alized Jaobi polynomial has exatly 4 zeros o� [�1; 1℄, of whih twoare loated on the right of x = 1, and the other two are on the left ofx = �1.PROPOSITION 2. For n large enough, if A2 < 0 and B2 > 0 theorthogonal polynomial ePn(x) has exatly n di�erent, real and simplezeros, n� 2 of them belong to the interval (�1; 1), and the two remain-der zeros are outside the interval being one positive and the other onenegative.Proof. Let x1; x2; x3; :::; xk be the di�erent real zeros of odd multi-pliity of ePn(x) on the interval (�1; 1) andq(x) = (x� x1)(x� x2):::(x � xk); (48)suh that the sign of the produt ePn(x)q(x) does not hange 8x 2(�1; 1). Now de�ne h(x)h(x) = (1� x2)q(x) = (1� x2)(x� x1)(x� x2):::(x � xk): (49)Hene, for n large enoughDU ; ePn(x)h(x)E = Z 1�1(1� x2)q(x) ePn(x)�(x)d x+2 h�A2 ePn(1)q(1) +B2 ePn(�1)q(�1)i < 0; (50)whih implies that deg h(x) � n, i.e. k � n� 2.To prove that ePn(x) has one real simple negative zero and one realsimple positive zero outside [-1, 1℄ we use the fat that for n large
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16 Jorge Arves�u, Franiso Marell�an and Renato �Alvarez-Nodarseenough ePn(1) < 0, � ePn�0 (1) > 0 (see formula (36)) and the polynomialePn(x) is a ontinuous onvex upward funtion for x > 1, then in somepositive value x > 1 it hanges its sign. Using the symmetry property(Proposition 1), Eq. (36), and a similar argument we an prove thatthe polynomial has one simple real negative zero o� [-1, 1℄. This impliesthat k = n� 2, hene the proposition holds. 2When A2 < 0, B2 > 0 we denote the zeros of ePn(x) as xn;1 < �1 <xn;2 < ::: < xn;n�1 < 1 < xn;n. Now we proeed to study the zeros xn;1and xn;n in more detail.PROPOSITION 3. For n large enough xn;n � 1 = O �n���4� andxn;1 + 1 = O �n���4�. More preisely1 < xn;n < 1 + p2�+�+5�(�+ 4)�(� + 5)n�+4pA2(�+ 2)(� + 5) +O �n�2��6� ;�1 > xn;1 > �1� p2�+�+5�(� + 4)�(� + 5)n�+4pB2(� + 2)(� + 5) +O �n�2��6� : (51)Proof. Using Taylor's Theorem we have for x > 1,ePn(x) = ePn(1) + � ePn�0 (1)(x � 1)++� ePn�00 (1)(x� 1)22 + � ePn�000 (�)(x� 1)36 ; (52)where 1 < � < x. >From (36) for n large enough, ePn(1) is negative while� ePn�0 (1) is positive. Moreover, ePn(x) is a onvex upward funtion forx > 1 and has its �rst saddle point (from the right) somewhere atx < 1. Then for all x > 1, � ePn�000 (x) � 0. HeneePn(x) � � ePn�00 (1)2 x2 + �� ePn�0 (1)� � ePn�00 (1)� x+� ePn�00 (1)2 � � ePn�0 (1) + ePn(1);and the zero xn;n is loated between the zeros of the quadrati polyno-mial on the right hand side of the previous expression. If we denotex1;2 = 1� � ePn�0 (1)� ePn�00 (1) �vuuuut264 � ePn�0 (1)� ePn�00 (1)3752 � 2 ePn(1)� ePn�00 (1) (53)
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On a modi�ation of the Jaobi linear funtional: asymptoti properties and zeros 17and taking into aount (36) and (38) we get� ePn�0 (1)� ePn�00 (1) � 2�+�+3�(�+ 2)�(� + 5)A2(�+ 5)n2�+6 ;ePn(1)� ePn�00 (1) � �2�+�+4�(�+ 4)�(�+ 5)A2(�+ 2)(� + 5)n2�+8 : (54)
Thus, when n is large enoughx2 � 1 + p2�+�+5�(�+ 4)�(� + 5)n�+4pA2(�+ 2)(� + 5) +O �n�2��6� : (55)In the same way, using the symmetry property (1) we �nd the speedof onvergene for xn;1, then (51) holds. 2PROPOSITION 4. For n large enough, the pair of omplex or realzeros z1;2 (z01;2) loated on the right of x = 1 (on the left of x = �1)(see the Corollaries 1 and 2) are suh that8>>>>>>>>>>>><>>>>>>>>>>>>:

1 < < (z1;2) < 1 + < (Æ)n �2 ;0 � = (z1;2) < ePn(1);�1� < (Æ)n �2 < < �z01;2� < �1;0 � = �z01;2� < ePn(�1) 0 < � < 2; and Æ 2 C : (56)
Proof. Suppose that we have two zeros loated on the right of x = 1,from (32) and (36) the generalized polynomial for x = 1 is positiveand tends to zero, the �rst derivative is negative, whereas P�;�n (1) and�P�;�n �0 (1) tend to +1.Let f~xng1n=1 be the sequene~xn = 1 + Æn2�� ;where Æ 2 C is an arbitrary onstant, and � 2 (0; 2).If we evaluate (45) in the set f~xng1n=1 we haveePn(~xn)P�;�n (~xn) = 1� 2(� + 2)n �2 �2Æ� 12 +O� 1n� : (57)
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18 Jorge Arves�u, Franiso Marell�an and Renato �Alvarez-NodarseSo, from (57) we see that for the values ~xn, P�;�n (x) and ePn(x) havethe same asymptoti behavior, then the zeros (and also the minimum)of the generalized Jaobi polynomials are in (1; ~xn). Then, the resultholds. 2The ase when the zeros are loated on the left of x = �1 follows inan analog way.COROLLARY 3. If n tends to in�nity, all the zeros of the generalizedJaobi polynomials ePn(x) o� [�1; 1℄ tend to �1.Conerning the distribution of zeros for the generalized Jaobi poly-nomials inside [-1,1℄ the next result shows that it is an arsin distribu-tion.THEOREM 2. Let �n be the disrete unit measure de�ned on the Borelsets in C having mass 1n at eah zero of ePn(x). Then�n ��! 1�p1� x2 ; (58)in the weak star topology.Proof. From (29) and (47), we getjj ePn(x)jj[�1;1℄ � jAnj jjP�;�n (x)jj[�1;1℄ + n jBnj jjP�+1;�+1n�1 (x)jj[�1;1℄+n jCnj jjP�+1;�+1n (x)jj[�1;1℄ + n jDnj jjP�+1;�+1n�2 (x)jj[�1;1℄+n(n� 1) hjEnj jjP�+2;�+2n�2 (x)jj[�1;1℄ + jFnj jjP�+2;�+2n�1 (x)jj[�1;1℄i+n(n� 1) jGnj jjP�+2;�+2n�3 (x)jj[�1;1℄; (59)
where jj � jj[�1;1℄ denotes the sup-norm in the interval [-1, 1℄.Beause of limn!1 jjP�;�n (x)jj 1n[�1;1℄ = 12 (see (G. Szeg�o, 1975)), we deduelimn!1 jj ePn(x)jj 1n[�1;1℄ � 12 : (60)Thus, from Theorem 2.1 in (H. P. Blatt, E. B. Sa�, and M. Simkani,1988) �n ��! 1�p1� x2 : (61)2In the next �gures we show some numerial examples when the zerosare loated outside the interval [�1; 1℄.
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On a modi�ation of the Jaobi linear funtional: asymptoti properties and zeros 19Appendix>From (14), (15), and (5) we getK�;�(0;0)n (x; y) = K�;�(0;0)n (�x;�y);K�;�(0;1)n (x; y) = �K�;�(0;1)n (�x;�y);K�;�(1;1)n (x; y) = K�;�(1;1)n (�x;�y): (62)Here we will ompute the di�erent Jaobi kernels, in order to expressthe generalized Jaobi polynomials as xn+~bnxn�1+ lower degree terms.First of all, we obtain the kernelK�;�(0;0)n�1 (x; 1). Evaluating (15) in y = 1and using (10) to eliminate P�;�n�1(1) and P�;�n�1(x), we obtainK�;�(0;0)n�1 (x; 1) = n�1Xm=0 P�;�m (x)P�;�m (1)jjPmjj2= 1x� 1 P�;�n (x)P�;�n�1(1)� P�;�n�1(x)P�;�n (1)jjPn�1jj2= P�;�n (1) �(1 + x)�P�;�n �0 (x)� nP�;�n (x)�jjPn�1jj2̂�;�n : (63)
Taking derivates with respet to y formula (15) beomesK�;�(0;1)n�1 (x; y) = n�1Xm=0 P�;�m (x)�P�;�m �0 (y)jjPmjj2 = K�;�(0;0)n�1 (x; y)(x� y)+P�;�n (x)�P�;�n�1�0 (y)� P�;�n�1(x)�P�;�n �0 (y)(x� y)jjPn�1jj2 : (64)Evaluating (64) at y = 1 one getsK�;�(0;1)n�1 (x; 1) = K�;�(0;0)n�1 (x; 1)x� 1 + P�;�n (x)�P�;�n�1�0 (1)jjPn�1jj2(x� 1)��P�;�n �0 (1)P�;�n�1(x)jjPn�1jj2(x� 1) : (65)
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20 Jorge Arves�u, Franiso Marell�an and Renato �Alvarez-NodarseIf we now use (11) evaluated in x = 1 to eliminate �P�;�n�1�0 (1) as wellas (10) to substitute P�;�n�1(x) in the above formula we get
K�;�(0;1)n�1 (x; 1) = ��P�;�n �0 (1) �nP�;�n (x)� (1 + x)�P�;�n �0 (x)�jjPn�1jj2̂�;�n+h(1 + x)P�;�n (1)(P�;�n )0(x)� 2(P�;�n )0(1)P�;�n (x)ijjPn�1jj2̂�;�n (x� 1) :Now we will use the di�erentiation formula (4) for � = 1 to replae�P�;�n �0 (1) by P�;�n (1). This yields
K�;�(0;1)n�1 (x; 1) = �P�;�n �0 (1) �(1 + x)�P�;�n �0 (x)� nP�;�n (x)�jjPn�1jj2̂�;�n+P�;�n (1) �(1 + x)�P�;�n �0 (x)� n(n+�+�+1)�+1 P�;�n (x)�jjPn�1jj2̂�;�n (x� 1) : (66)

Finally, using the seond order linear di�erential equation (1) we obtain
K�;�(0;1)n�1 (x; 1) = �P�;�n �0 (1) �(1 + x)�P�;�n �0 (x)� nP�;�n (x)�jjPn�1jj2̂�;�n�P�;�n (1) �(1 + �)�P�;�n �0 (x) + (x+ 1)�P�;�n �00 (x)�jjPn�1jj2̂�;�n (�+ 1) : (67)
Handling as above, it is not diÆult to dedue a similar expressionfor the kernels K�;�(0;0)n�1 (x;�1) and K�;�(0;1)n�1 (x;�1). Applying formulas
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On a modi�ation of the Jaobi linear funtional: asymptoti properties and zeros 21(10)-(15) and (64) and evaluating them at y = �1, we getK�;�(0;0)n�1 (x;�1) = P�;�n (�1) �(x� 1)�P�;�n �0 (x)� nP�;�n (x)�jjPn�1jj2̂�;�n ;K�;�(0;1)n�1 (x;�1) = �P�;�n �0 (�1)jjPn�1jj2̂�;�n� �(x� 1)�P�;�n �0 (x)� nP�;�n (x)�+P�;�n (�1) �(1� x)�P�;�n �00 (x)� (�+ 1)�P�;�n �0 (x)�jjPn�1jj2̂�;�n (� + 1) ;
(68)

respetively. Now we obtain the kernel K�;�(1;1)n�1 (x; 1) in terms of thepolynomials P�;�n (x) and their �rst, seond and third derivatives. From(67), after some straightforward alulations we �ndK�;�(1;1)n�1 (x; 1) = 1jjPn�1jj2̂�;�n ��P�;�n �0 (1)� �(1 + x)�P�;�n �00 (x)� (n� 1)�P�;�n �0 (x)�� P�;�n (1)(�+ 1)� �(2 + �)�P�;�n �00 (x) + (x+ 1)�P�;�n �000 (x)�� : (69)
K�;�(1;1)n�1 (x;�1) = 1jjPn�1jj2̂�;�n ��P�;�n �0 (�1)� �(x� 1)�P�;�n �00 (x)� (n� 1)�P�;�n �0 (x)�+ P�;�n (�1)(� + 1)� �(x� 1)�P�;�n �000 (x)� (2 + �)�P�;�n �00 (x)� : (70)
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22 Jorge Arves�u, Franiso Marell�an and Renato �Alvarez-NodarseAs simple onsequenes of (63) and (67)-(69), we getK�;�(0;0)n�1 (1; 1) = �P�;�n (1)�2 n(n+ �)jjPn�1jj2̂�;�n (�+ 1) ;K�;�(0;0)n�1 (1;�1) = �nP�;�n (�1)P�;�n (1)jjPn�1jj2̂�;�n : (71)
K�;�(0;1)n�1 (1; 1) = �P�;�n �0 (1)P�;�n (1)(n+ �)(n� 1)jjPn�1jj2̂�;�n (�+ 2) ;K�;�(0;1)n�1 (1;�1) = ��P�;�n �0 (�1)P�;�n (1)(n � 1)jjPn�1jj2̂�;�n ; (72)
K�;�(1;1)n�1 (1; 1) = P�;�n (1)�P�;�n �0 (1)(n � 1)(n+ �)2jjPn�1jj2̂�;�n (�+ 1)(�+ 2)(� + 3)� [n(�+ 2)(n+ �+ �)� (�+ 1)(�+ � + 2)℄ ;K�;�(1;1)n�1 (1;�1) = ��P�;�n �0 (�1)P�;�n (1)(n � 1)2jjPn�1jj2̂�;�n (�+ 1)� [n(n+ �+ �)� �� � � 2℄ :

(73)
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Comparison between lassial (bold line)and generalized polynomials forn = 5, A1 = �0:5, B1 = 0, A2 = 0,B2 = 0, � = � = 0, and x 2 [�1:2; 1:2℄.
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Comparison between lassial (bold line)and generalized polynomials forn = 20, A1 = 0, B1 = 0, A2 = �4,B2 = 2, � = � = 1, and x 2 [�1:1; 1:1℄.Figure 1. Some numerial tests performed by using the symboli omputer algebrapakage Mathematia to show the number of zeros for both families of orthogonalpolynomials. These graphis are in aordane with the previous results.
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Comparison between lassial (bold line)and generalized polynomials forn = 6, A1 = B1 = 0, A2 = 10, B2 = �103,� = 0, � = 10, and x 2 [�1:1; 1:5℄.
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Comparison between lassial (bold line)and generalized polynomials forn = 5, A1 = B1 = 0, A2 = �0:5, B2 = �106,� = � = 0, and x 2 [�1:2; 1:2℄.Figure 2. Some numerial tests performed by using the symboli omputer algebrapakage Mathematia to show the number of zeros for both families of orthogonalpolynomials. These graphis are in aordane with the previous results.
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