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Abstract

We study some g-analogs of Racah polynomials and some of their applications in the theory of repre-
sentation of quantum algebras. Possible implementations in quantum optics are discussed.
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1. Introduction

The symmetries of quantum systems devoted to Lie groups play an important role in explaining the
properties of different states of atoms and photons [1,2]. During the last decade, quantum groups and
their representations were considered to be employed in describing the properties of quantum states of
atoms and photons [3]. Quantum groups are generalizations of usual Lie groups like the rotation group
or SU(2)-group. The standard properties of the rotation-group representation and their characteristics
like Racah coefficients and 6j-symbols are well known [4]. One needs to develop also the mathematical
formalism of quantum groups to apply them in quantum optics and quantum mechanics.

An orthogonal polynomial family that generalizes the Racah coefficients or 6j-symbols (so-called
Racah and ¢-Racah polynomials) was introduced in [5]. These polynomials are at the top of the so-called
Askey scheme (see, e.g., [6]) that contains all classical families of hypergeometric orthogonal polynomi-
als. Some years later the same authors [7] introduced the celebrated Askey—Wilson polynomials. The
important property of these polynomials is the possibility to obtain from them all known families of
hypergeometric polynomials and g-polynomials as particular or limit cases (the review is done in the
nice survey [6]). The main tool of [6,7] was the hypergeometric and basic series, respectively. On the
other hand, in [8] (see also [9]) g-polynomials were considered as the solution of a second-order difference
equation of the hypergeometric type on the nonlinear lattice,

x(s) = c1¢® + caq”® + c3.

In particular, it was shown that the solution of the hypergeometric-type equation can be expressed as
certain basic series and, in such a way, the results by Askey and Wilson were recovered.
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The interest in such polynomials increases after the appearance of ¢g-algebras and quantum groups [10—
14]. However, from the first attempts to construct the g-analog of the Wigner—Racah formalism for the
simplest quantum algebra U, (su(2)) [15] (see also [16-18]), it becomes clear that for obtaining the g-
polynomials intimately connected with the g-analogs of the Racah and Clebsh—Gordan coefficients, i.e.,
a g-analog of the Racah polynomials uf"’ (x(s),a,b), and the dual Hahn polynomials wf,(x(s),a,b)q,
respectively, it is better to use a different lattice. In fact, the g-Racah polynomials Rg’v(x(s),N ,0)g

introduced in [7] (see also [6]) were defined on the lattice
2(s) =q °+5¢ Vg
that depends not only on the variable s but also on the parameters of the polynomials, namely,

z(s) = [slgls + 1 (1)
that, in turn, depends only on s, where by [s], we denote the g-numbers (in its symmetric form)

s/2 _ ,—s/2

[s]g = ﬁ Vs € C. 2)
With this choice, the g-Racah polynomials ulP (x(s),a,b)q are proportional to the g-Racah coefficients
(or 6j-symbols) of the quantum algebra U,(su(2)). A very nice and simple approach to 6j-symbols has
been developed recently in [19].

Moreover, this connection gives the possibility to a deeper study of the Wigner—Racah formalism (or
the g-analog of the quantum theory of angular momentum [20-23]) for the quantum algebras U, (su(2))
and Uy(su(1,1)) using the powerful and well-known theory of orthogonal polynomials on nonuniform
lattices. On the other hand, using the g-analog of the quantum theory of angular momentum [20-23] we
can obtain several results for the ¢g-polynomials, some of which are nontrivial from the viewpoint of the
theory of orthogonal polynomials (see, e.g., the nice surveys [24,25]). In fact, in this paper we present
a detailed study of some g-analogs of the Racah polynomials ug"” (x(s),a,b)q and ug” (2(s),a,b)qy on
the lattice (1), as well as their connection with the g-Racah coefficients (or 6j-symbols) of the quantum
algebra Ugy(su(2)), in order to establish which properties of the polynomials correspond to the 6j-symbols
and vice versa.

The structure of the paper is as follows.

In Sec. 2, we present some general results of the theory of orthogonal polynomials on nonuniform
lattices adopted from [9,26]. In Sec. 2.1, a detailed discussion of the Racah polynomials ulP (x(s),a,b)q
is done, whereas in Sec. 2.2, the a2 (x(s),a,b), are considered; in particular, a relation between these
families is established. In Sec. 3, a comparative analysis of such families and 6j-symbols of the quantum
algebra U,(su(2)) is developed which gives, on one hand, some information on the Racah coefficients
and, on the other hand, allows one to give a group-theoretical interpretation of the Racah polynomials
on the lattice (1). Finally, some comments and remarks on g-Racah polynomials and the quantum algebra
U,(su(3)) as well as possible applications in the models of photon-atom interactions are included.

2. Some General Properties of ¢-Polynomials

We will start with some general properties of orthogonal hypergeometric polynomials on nonuniform
lattices [9,27].
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The hypergeometric polynomials are the polynomial solutions P,(z(s)), of the second-order linear
difference equation of the hypergeometric type on a nonuniform lattice z(s) (SODE)
C1

A Vy(s) Ay(s) _ s L e f _a
o(s) Ar(s %) Vo (s) T(S)Agj(s) +Ay(s) =0, z(s)=ci[¢°+q H#+ec3, ¢'= o 5

Vi(s)=f(s)=f(s=1),  Af(s)=[fls+1) = f(s),

or, equivalently,

Asy(s +1) + Bsy(s) + Cay(s — 1) + Ay(s) = 0, (4)
where
_ o(s) +7(s)Az(s — ) o — o(s) (41O
° Az(s)Az(s—1) * Va(s)Ax(s — 3) Bs (As + ).

Notice that z(s) = x(—s — p).
In the following, we will use the notation?

Py(s)q = Pu(a(5))g, 0(=s—p) = o(s) + 7(s)Ax(s — 3).

With this notation, Eq. (3) becomes

o(—s— M)AAP;((;)Q — U(S)VVJD;L((;))Q + A AZ(s — $)Py(s)g = 0. (5)

The polynomial solutions P, (s), of (3) can be obtained by the following Rodrigues-type formula [9, 28]:

_ B g, (s m,_ VY NV NV
n(s)q p(s)v pr(s), " Vzi(s) Vaa(s)  Vap(s) (6)
where m
Tm(s) =x (8 + 5)
on(s) = pls +n) [ os +m), (7)
m=1
and p(s) is a solution of the Pearson-type equation
Alfo(s)p(s)] = 7(s)p(s)Ax(s — 1/2),
or equivalently,
pls+1) _ols) +7(s)A2(s —3) _ol=s—p) ®

p(s) o(s+1) o(s+1)

Let us point out that the function p,, satisfies the equation

Alo(pn(e)] = rals)on()z (5 3).

'In the exponential lattice z(s) = c1¢™* + c3, so i = Fo0; therefore, instead of using o(—s — p) one should use the
equivalent function o(s) + 7(s)Az(s — %)
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where 7,,(s) is given by

o(s+n)+71(s+n)Az(s+n—1)—0o(s) o(-s—n—p)—o(s) ,

Tn(s) = Az 1(5) = A ( _ l) = Tnxn(s) + Tn(O) (9)
n— InlS 3
and
. A2n+1 ( ) _ U(_S:l —n- M) - U(S:L)
" [2n+1]q’ ! a:n(s;*l—&—%) _xn(sz_%)’

with s¥ being the zero of the function x,(s), i.e., z,(s}) = 0.
From (6) an explicit formula for the polynomlals P, follows (see Eq. (3.2.30) in [9]):

n' ™Mt Va(s+m—"31) po(s—n+m
q_B Z | ]q' n ( i )p( p(s)+ )a (10)
H V(s + m=HL)
=0

where [n], denotes the symmetric g-numbers (2) and the g-factorials are given by
[0g! =1, [n]g! :==[1g[2lg - [nlg, meN.

It can be shown [9,27,28] that the most general polynomial solution of the ¢-hypergeometric equation

(3) corresponds to
4

4
o(s)=A[[ls —sidg=Ca > [[(¢" —¢%), A-C#0 (11)
=1

i=1
and has the form (see Eq. (49a) in [28], p. 240)

—n 2pt+n—1+22 18 ,s1—s ,S1+s+p
Po(s)y = Dy st [ 40 L0770 q o
n\°/q n 4¥3 gorTsetR gsitsstn gsitsatu ’
9 )

where the normalizing factor D, is given by (s, := q'/? —q1/?)

—A _n 31 .
Dn:Bn<Clq/~"%5> g~ 2Bsrtertestaat T (gerbetin ), (@ P ), (g T ).

The basic hypergeometric series ¢, are defined by [6]

ai,...,0r = ala ar#])k z k E(}g 1)
r 3 4, -1 2 )
¢P<b1,...,bp 1 ) Z) b1, - (b,q)k (@ 9)k [( )'a }

where (a;q)r = an_zlo(l —aq™) is the g-analog of the Pocchammer symbol.

In this paper, we deal with orthogonal ¢g-polynomials and functions.

It can be proven [9], in view of the difference equation of the hypergeometric type (3), that, if the
boundary conditions

a(s)p(s)zk(s —1/2) ‘S ap = 0VE >0
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hold, then the polynomials P, (s), are orthogonal with respect to the weight function p, i.e.,

b—1
> Pa(8)gPrm(8)gp(s)Ax(s — 1/2) = bpmda, s=a,a+1,....b— 1.

The squared norm in (13) reads (see Eq. (3.7.15) in [9])

b—n—1
A2 = (=1)"ApnB} > puls)Azn(s — 1/2),

S=a

where (see [9], p. 66)

n—+m
An’_nf 'H< n+m>'

A simple consequence of the orthogonality is the three-term recurrence relation (TTRR)
() Pu(s)g = onPry1(s)g + BnP(s)g + YnPn-1(5)g;
where a.,, Oy, and 7, are given by

2
_ Gn . bn bni1 _ OGp—1 dn
Op = ) n — - ) Tn = 2 )
Ap+1 an, Ap+1 (079 dn—l

with a,, and b,, being the first and second coefficients in the power expansion of P, i.e.,
Po(s)g = apz"(s) + bpz" L(s) 4+ - - .
Substituting s = a in (16) we obtain

8, = z(a)Pn(a)g — anPoyi(a)g — mbPo-1(a)q
" Pn(a)q ,

which is an alternative way to find the coefficient G,,.
Also we can use the following expression (see [26], p. 148):
n)qTn—1(0 n—+1|,7,(0
o = D20 IO 4 o)y 1= ot 1)),

Tn—1 Tn

To compute oy, (and (3,,) we need the following formulas (see, e.g., [26], p. 147):

o BnAn,n br, o [n]an—l(O)
AR T

The explicit expression of A, is (see Eq. (52) in [28], p. 232)

Agt

== e iyl

sit+s2+s3tsat+2u+n—1],

Cq—n+1/2
C%(q1/2 _ q—1/2)2 (

1—q") (1 _ q81+82+53+84+2u+n—1) :

(14)
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which can be obtained by equating the largest powers of ¢® in (5).
From the Rodrigues formula (see [29] and [26], § 5.6) follows that

APy(s—3)q  —AuBn =
Ax(s —3) B,
where P,_; denotes the polynomial orthogonal with respect to the weight function p(s) = py(s — ).
On the other hand, rewriting (3) as
\% A
(g(s)vwl(s) i T(S)I> Bas) "= T
it can be replaced by the following two first-order difference equations
(22)

a = VvV T(s s) = — s
o= Q0 (g + TOT) Q) = AP (o)

From the fact that ﬁ(s)Pn(s)q is a polynomial of degree n — 1 on x(s+ 1/2) (see [9], § 3.1) follows that

A
A:U(s) Pn(s)q = Cnanl(S + %)7

where C), is a normalizing constant. A comparison with (21) implies that Q(s) is the polynomial Py1
orthogonal with respect to the function pp(s — %) and C, = —\,B,/Bp_1. Therefore, the second

expression in (22) becomes

B v ~
Pu(s)g = = I|P,- Do 23
(o = 5 (o) ey + 71 ) Proala+ B (23)
The g-polynomials satisfy the following differentiation-type formula (see [29] and [26], § 5.6.1):
VP,(s)q An B,
= o (8) Py, - —P, . 24
PO eyt = T [P B~ P o) (24
Then, using the explicit expression for the coefficient «,, we obtain
VP,(s)q An Tn(8) QnAop
— = P, — P, ) 25
( ) V.’IZ’(S) [n]q TT/L (8)‘1 [271]11 +1<S>q ( )
From the above equation, in view of the identity
AVPn(s)q _ APy(s)q _ VPa(s)q
Va(s)  Az(s) V(s
along with SODE (5), we find
B,
Pri1(s)q (26)

—S — APn<S>q )\n Tn(8) = [n],T! .’IJS—l S)g —
J( /J,) ACIZ(S) [n]an (Tl( ) [ }q nA ( 2))P'fl( )q Bn+1
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To conclude this section, we will introduce the following notation adopted from [9,28].
First we define another g-analog of the Pocchammer symbols (see Eq. (3.11.1) in [9]):

k—1 =
(alg)k = [ la+ml, = Fqéa(Jr)k) ()R (g% (g2 — ) h D= (27)
m=0 q\a

where fq(x) is the g-analog of the Gamma function introduced in [9] (see Eq. (3.2.24) therein) and
related to the classical g-Gamma function I'; by the formula

~ _(s=1)(s—2)
4

_(s=1)(s—=2) _ q,q
)= R gy [0

(4% @)oo

q(8) =q , 0<g<1.

Next we define the ¢g-hypergeometric function ,F(+|q, z)

TFp Aly...,Qp
bi,...,b,

where, as before, 5, = ¢'/2 — ¢7/? and (a|q) are given by (27). Notice that

L) o (a1lg)x(az]q)s - - - (arlg)r 2" O Y L
" )—kZO (b1l@)i (bala)s - - - (byla) <1|q>k[ ) (28)

q, 27

. (Il,CLQ,...,ar
hmer< 7

q—1 bi,ba,..., by

er) = (a)g e (ap)p 2B F <a17a27"-7ar
=y o R,

and

ai,az,...,0p+1
F t
ey ( b1,bs,...,b, ‘q )
1
where tg = zqi(zg;l ai=) %, bz‘*l)_
With the above notation, the polynomial solutions of (3) (see Eq. (49) in [28], p. 232) read

q™,q*2, ..., q%+1
:p+1§0p ( b’l b; ’ bp (:I7 z 9 (29)
_— ", q",....q

A

n
Pn(s)q = B, <u2> (51 + 82 + plq@)n(s1 + 83+ plq)n

2
c1q %q

4
_n,2u+n—1+Zsi,31—s,sl—l—s+u .1
i=1 ?

$1+ 82+ (4,81 + 83+ 1,81+ S4+ 1

X(s1+ 54+ plg)n 4F3

2.1. The ¢-Racah Polynomials

Here we consider the g-Racah polynomials u%’ﬁ(:p(s), a,b), on the lattice x(s) = [s],[s+ 1], introduced
in 19,18, 30].

For this lattice, one has

1 1
01:q2%q_a :u:]-a C3:_(q2+q 2)%11 . (31)
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We choose o in (11) as follows:

—2s
q S a S — S —a S (63
o(s) = — ;ﬁtﬁgm —q")(@® —a )@ — ") — ") = [s — alg[s + lgls + a— Blglb+ a — 5],
q 2
ie.,
1
51:a752:_b783:ﬁ_a754:b+a7 C:_q_§(a+ﬁ) q ) A=—

and let B,, = (—1)"/[n],!. Here, as before, 3, = ¢'/?> — ¢~'/2. Now from (20) we find

1
A = q 2PN 22 (1 gy (1 — g = [n] g+ a+ B+ 1,

To obtain 7,(s) we use (9).
In this case, z,(s) = [s + n/2]4[s + n/2 + 1]4; then, choosing s}, = —n/2, we get

Ta(8) = Than(s) + T(0), 71, =—-[2n+a+p+2], 7(0)=0c(-n/2-1)—0c(-n/2). (32)
Taking into account that 7(s) = 79(s), we obtain the corresponding function 7(s),
7(s) = =2+ a+ Blgz(s) + o(=1) — o(0).
2.1.1. The Orthogonality and the Norm d?
A solution to the Pearson-type difference equation (8) reads

fq(s—l—a—l—l)f(s—a—i—ﬁ—l—) Js+a+b+ DT, (b+a—s)
Fq(s—a—i—l) (s+b+) (s—l—a—ﬂ—i—l) q(b—5) '

p(s) =

Since o(a)p(a) = o(b)p(b) = 0, the g-Racah polynomials satisfy the orthogonality relation

Zuﬁ $),a,0)guls? (@(s),a,b)gp()2s + g =0, n#m,

with the restrictions —% <a<b-1,a>—-1,and -1 < (< 2a+1.
Let us now compute the square of the norm d2.
From (7) and (15) follow

fq(s+n+a+1)fq(s—|—n—a+ﬁ+1)f(s+n+a+b—|—1) ¢(b+a—s)
Tys —a+D)y(s+b+1Dy(s+a— B+ 1)y(b—s—n)

pn(s)=

and

T (a+0+2n+1)
]y Ty(a+B+n+1)

Taking into account that Va,1i(s) = [2s+n + l]q, in view of (14) and the identity

(a+ﬂ+2n+1)
Ty(a+B+n+1)

Ay = (-1)"A, B2 =

) n

An,n = [ ]q ( 1)n
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we have

Abznzl s+n+a+1)F (s+n—a+ﬂ+1)~ (s+n+a+b+1) (b+a—s)

sfaJrl) (s+b+) (s+a7ﬁ+1) Jb—s—n)2s+n+1];"

- f S-l—ﬂ-l—?a-l—l)F (S+n+ﬁ+1)fq(s+n+a+b+a+1)fq(b—a+a—s)

( nr q(s—l—b—l—a+1)fq(s—|—2a—ﬁ—|—1)fq(b—a—s—n)[2s+2a+n+1](1_1

||
OM:‘

fq(a+ﬂ—i—2n—|— )F(2a+n—|—1) (n—l—ﬁ—|—1) (a—|—b+n—|—a—|—1) ¢b+a—a)
[”]q!fq(a+ﬁ+n+l) gla+b+ 1) q(2@_ﬂ+1) q(b—a—n)

b—a—n—1

Z n+2a+1,n+0+1l,n+a+a+b+1,1—b+a+n|q)s
. (La+b+1,2a—p+1,1—-b+a—a|qg)s

25 +2a +n+1],.

In the following, we denote by S, the sum in the last expression. If we now use that

(al@)n = (—=1)"(q% q)ng ™1 "H20~ V5,

as well as the identity

a+ 241, N et PE 4,
2s+2a+n+1];=q " 2a+n+ 1]q(q - a)( qHLH s
(@ 2 59)(=¢"" 2 ;q)
we obtain
b—a—n—1 (q2a-§-n-§-17 qn-l-ﬁ-i-l7 qn+a+b+a+17 ql—b-‘ra-l-n’ q%(2a+n+3)7 _q%(2a+n+3).

Sn = Z T : 7q)5 q—s(1+2n+ﬁ+o¢)
=0 (g, qotttl, e+l gl-bmada g3 Qatntl) 5 Gatntl). gy 194 4 nt1]g !

q q—1—2n—ﬁ—o¢) .

But the above g¢5 series is a very-well-posed g¢s basic series and, therefore, by using the summation
formula (see Eq. (II.21) in [31], p. 238)

a, qa1/27 _qa1/27 b7 ¢, q_k
6% a1/27 —al/Q,aq/b, aq/c, agh+l

2a+n+1 n+B+1 ,ntatat+b+l ,1—b+a+n %(2a+n+3) (2a+n+3)
4 4 yq yd

q2
%(2a+n+1)’ _q2 (2a+n+1)

= [2a—|—n—|—1]q 6¢5(

qa+b+l’ q2a—ﬂ+17 ql—b—a-&-a’ q

ag®™™\  (aq,aq/bc;q)k
e (ag/b,aq/c;q)k’

withk=b—a—n—1, a = ¢*t"t! b= ¢"tP*! and ¢ = ¢"tototbtl we obtain

2a+n+2 ,—n+a—b—a—/3.

»q Q)b a—n—1
(q2a—,8+1 qe— b—a+1. q)b a—n—1
(2a+n4+2|Q)p—g-n-1(—n+a—b—a—8|¢)p—a—n-1
(2@ - B + 1’q>b7a7nfl(a —b—a+ 1|q>bfafnfl

S, = [2a—|—n+1]q(q

= [2a+n+1],
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Finally, in view of (33) and (27), we arrive at

S, = [2a+n+1] Lyla+b+ DIy2a—F+ DEy(b—atatft+nt Dly(atn+1)
n q f(n+2a+2) (b—l—a—ﬁ—n) (a+ﬁ+2n+2)r (b—a+a) ;

thus

2o fq(a+6+2n+1)r(2a+n+1) (n+6+1) Ja+b+n+a+1)T ob+a—a),
[n]y'Ty(a+ B+n+1)Ty(a+b+ 1,20 — B+ 1)Ly(b—a —n) "

fq(a+n+1)fq(ﬁ+n+1)f(b—a+a+ﬁ+n+1) gatbtatntl)
[a+8+2n+1),Dyn+Dy(a+B+n+1Dyb—a—n)Ty(a+b—5—n)

2.1.2. The Hypergeometric Representation
From formulas (12) and (30) the following two equivalent hypergeometric representations hold:

g~ 2 Qatetftntl) (ga=bil. oy (841 g) (qotbratl gy,

up?(x(s), a,b)g =

2(¢: @)n
q—n’qa—&—ﬂ—s—n—i—l q s’qa—l-s—i—l (34)
X 4p a— o ‘q, q
3 g bt A1 getbratl
and
— 1 1{q)n 119)n,
u®P (x(s), a,b)y = _(a—=b+1g)n(8+ |Q)‘ (a+b+a+1g)
[n]q!

(35)

—n,a+pB+n+1l,a—s,a+s+1
><4F3 q,l .
a—b+1,8+1l,a+b+a+1

In view of the Sears transformation formula (see Eq. (III.15) in [31]), we obtain the equivalent formulas

—%(—2b+a+,8+n+1)(qa—b+1; q)n(qa—&-l; q)n(qﬁ—a—b—i—l; Q)n

o, _4q
Up(x(8),a,0)q =
(z(s), 4. 0)q 22 q)n

. e (36)
y N AN BN B
4¢3 qa—b+1 a+l ,—a—b+p+1 q,4q

4 54

and
_(a=b+1[g)n(a+1|g)n(-a—b+ B+ 1]g)n
[nq!
(37)
i F —-n,a+B+n+1,-b—s,-b+s+1 ‘ .
e a—b+1l,a+1,—a—b+0F3+1 7 '

up(x(s),a,b)g =

Remark: From the above formulas follow that the polynomlals ulP (x(s),a,b)q are multiples of the
standard ¢-Racah polynomials R, (1(¢"*);¢%, ¢°,¢* % ¢7%7%|q).

10
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From the above hypergeometric representations also follow the values

(a=b+1g)n(B+ 1g)n(a + b+ a+1]q),
[n]q!

(@ @)a(@ a0 )
q§(2a+a+6+n+1)%gn(q; Q)n

up?(z(a), a,b)g =

and

(a—=b+1g)n(a+1|g)n(—a —b+ B+ 1[g),
[”]q!
(@ @)@ @) (P )

q%(—2b+a+ﬁ+n+1)%gn(q; Q)n

up(2(b — 1), a,b)g =

Formula (10) leads to the following explicit formula?:

W5 (a(s), D)y == fﬂs—ajlﬁ43+b+wiﬁs+a—ﬁ+1?46—&
Fy(s+a+Dly(s—a+ G+ 1)Iy(s+a+b+1y(b+a—s)
y z”: (:1)’“[23 t2k—n+1]qfq(s+k+a+~1)rq(25+k—n+1)
o Lg(k+1)lg(n —k+1)Ty(2s + k+2)Ty(s —n+k—a+1)
y T s+k—a+B+1)l(s+k+at+b+)T,(b+a—s+n—k)

fq(sfn+k:+b+1)fq(sfn+k+afﬁ+l)fq(bfsfk:)

)

from which follow

(—1)"Ty(b— a)Ty(B+n+ 1D)T4(b+a+a+n+1)

[]ITq(b—a—n)Ty(B+1)Tg(b+a+a+1)
Ty(b—a)ly(a+n+1)Ty(b+a—p)

()T (b — a —n)Ty(a+ D)Ty(b+a— B —n)

up?(z(a), a,b)g =

i

up?(z(b —1),a,b)g =

which coincide with values (38) and (39) obtained before.
From the hypergeometric representation the following symmetry property follows:

up?(2(s), a,b)g = uy, "IN (2 (s), a, b) .

(39)

Finally, notice that from (34) [or (36)] follows that uﬁ’ﬁ(x(s),a, b), is a polynomial of degree n on

x(s) = [s]q[s + 1]¢. In fact,

k

("% )r(q™ s )k = (—1)Fghlet ) ($(8) — S (gt q-a—l‘5>) ,
C1
l

|
—_

Il
o

where ¢; and c3 are given by (31).

2Obviously formulas (34) and (36) also give equivalent explicit formulas.

11
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2.1.3. Three-Term Recurrence Relation and Differentiation Formulas
To derive the coefficients of TTRR (16), we use (17) and (18).
In view of (19) and (17), we obtain

Tylotf+2mtl) — _ [ntllatBrntl]
] Tyla+B+n+1)" " la+B+2n+1gla+p+2n+2)

Ay —

To find ~,,, we use (17)

[a+b+a+n]la+b—pF—nlla+n]yB+nlb—a+a+F+nlyb—a—n|
la + B+ 2n]4la+ B+ 2n + 1], ‘

Tn =

To compute 3, we use (18)

unti(x(a).a.b)y  up’y(a(a).ab),

" u?{’ﬁ(m(a), a,b), " u%’ﬂ(x(a), a,b),

[a+B8+n+14a—b+n+1)[B+n+14la+b+a+n+1],
[a+ B+ 2n+1gfa+B+2n+2],

[a+n]q[b—a+a+ﬁ+n]q[a+b—ﬂ—n]q[n]q
[+ B+ 2n)4la+ B+ 2n+1], ’

Bn = z(a) —«

= lafgla+1]g -

The differentiation formulas (21) and (23) yield

AuP(z(s), a,b),

Ax(s) =la+B+n+ 1](1“%2754_1(%(3"" %),a—i— %7[7_ %)qa (42)
—[n]q[25 + 1queP(x(5), a,b)g =0 (—s — DulT PP (@(s + 1), a+ 3,0 - 1),
(43)
—o(s)up T (s — ) at 5.0 - 3,
respectively.
Finally, formulas (24) [or (25)] and (26) lead to the differentiation formulas
Vaup? (a(s), a,b) [0+ B +n+1] o a
0(8) [28] K = - [Oé + 6 n om + 2]‘1 Tn(S)Un’ﬁ(l'(S), a, b)q + [’I’L + 1]qunf1($(5), a, b)q (44)
q q
and
(=5 —1) A’ (z(s), a, by [la+B+n+1]
25+ 2], la+ [ +2n+2],
(45)

X | (1o (8) + [n]qla + B+ 2n + 2]4[2s + 1]q)ug’ﬁ(:u(s), a,b)g +[n+ l]quzfl(:v(s), a, b)q] ,

where 7,(s) is given by (32).

12
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TABLE 1. Main Data of g-Racah Polynomials u%?(x(s), a,b),.

P (s) up P (@(s),a,b)q,  @(s) = [slqls + 1
(a,b) [a,b— 1]
() Ty(s+a+1)T, (s—a+5+1)~ Fy(s+a+b+1 )f b+a-—2s)
P Ty(s—a+1)y(s+b+1)y(s+a— B+ 1Ty (b—s)
f§<a§b71,a>71,71<6<2a+1
o(s) [s — algls + blg[s +a — Blg[b+ a —s]q
o(—s—1) [s+a+14b—s—1ys—a+B+1b+a+s+1],
7(s) [a + 1glalqla — Blq + (8 + 1q[blg[b + g *[a+1] [8+1]q — [a+ 8+ 2qz(s)
5 —lo+B8+2n+2qx(s+3)+[a+ 5 +1b— % - 1B+ 5+ 1—alb+a+3+1],
! —[a+ %]q[ Q]q[ﬁ'i' 9 —a}q[b—i-a—i— %]q
An n]gla + B +n+ 1],
(="
b il
2 T, (o +n+1)T, (ﬁ+n+1)f b—a+a+B+n+1)T gatbtatntl)
" la+B+2n+1,T,(n+ DT (a+B+n+1)T0b—a—n)T,(a+b—F3—n)
(s) T (s+n+a+1)T, (3—|—n—a+ﬁ+1) (s+n+a+b—|—1) Jb+a—s)
P To(s—at )by(s +b+ Diy(s+a— B+ Diyb—s—n)
u Uylo+ B+ 2n + 1],
" [n]q!fq[a+ﬁ+n+1]q
n 4+ 1gla+ B +n+1],
fn [+ B+ 2n+1,ja+ B+ 2n+2],
lalfa + 1] e+ B4n+lgla—b+n+1]g[B+n+1lglatb+at+n+l]y
3 a ¢ [+ B+ 2n+ 1 e+ B+ 2n+ 2],
" [Oz—&-n}q[b—a—i-a—&-ﬂ—l—n]q[a—i—b—ﬁ—n]q[n]q
[a+ 8+ 2n]4la+ B +2n+1],
[a+b+a+nlgla+b—B—nlgla+nlg[B+nlgb—a+a+B+nlb—a—n]
T [+ 8+ 2n]4[a+ 6+ 2n+1],

13



Journal of Russian Laser Research Volume 27, Number 1, 2006

2.1.4. The Duality of Racah Polynomials

In this section, we discuss the duality property of the g-Racah polynomials uP? ((s),a,b)q.

We will follow [9] (see pp. 38, 39 therein).

First of all, notice that the orthogonal relation (13) for the Racah polynomials can be written in the
form

N—

—

a?ﬁ
n t ,a,b t Ax(t —1/2
ConCom = b Cpp = 1 (z(t+a),a )Q\/Z( +a)Az(t+a /)7 N=b—a,

t=

where p(s) and d,, are the weight function and the norm of g-Racah polynomials ug” (x(s),a,b)q, respec-
tively. The above relation can be understood as the orthogonality property of the matrix C' = (C’tn)ﬁfn;lo
by its first index. If we now use the orthogonality of C' by the second index, we get

N-1
Z CinCyryy = 5t,t’7 N =b—a,

n=0

that leads to the dual orthogonality relation for the ¢g-Racah polynomials

N-1

1 1
a“B a?ﬁ ! — /.
n§_0 Up, (33(8), a, b)qun (‘T(S )7 a, b)q d% ,O(S)AJZ(S _ 1/2) 5575 (46)

The next step is to identify the functions u%’ﬂ(:v(s), a,b), as polynomials on some lattice z(n).
Before starting, let us mention that from the representation (34) and the identity

k—1

atB+1 1 _1
(@ k(@ e = 1] (1 IR g (%gw(t) +q%+q 5)) :
=0
where 5 5
o+ o+
x(t) = [tlylt + 1]y = [n+ 5 lq[n + 5t g,
follows that uﬁ’ﬁ(x(s), a,b), also constitutes a polynomial of degree s —a (for s =a,a+1,...,b—a—1)

on x(t) with t =n + aTW

Let us now define the polynomials [compare with the definition of the Racah polynomials (35)]
(DTt — a)Tg(B + k+ DTy( +d’ + o' +k+1)

(K], (0 — o/ — k)Ty (8 + 1)LV + o + o/ + 1)

n® % (@(t), ', V) =

—k, o+ +k+1,d —t,d +t+1 ‘
><4F3 Q71 )
a—-b+1,3+1d+b+a+1

where

k=s—a, t=n+

14



Volume 27, Number 1, 2006 Journal of Russian Laser Research

Obviously they are polynomials of degree & = s — a on the lattice x(t) that satisfy the orthogonality

property
b —1

3w (), dl W) guls (x(t), d V) op (At — 1/2) = (d) S, (49)
t=a’

where p'(t) and d), are the weight function p and the norm d,, is given in Table 1 with the corresponding
change of a, b, , 3, s, n by d, ¥/, &, 3, t, k.

Furthermore, with the above choice (48) of the parameters of ug/’ﬂ / (x(t),a’,b")q, the hypergeometric
function 4F3 in (47) coincides with the function 4F3 in (35) and, therefore, the following relation between

the polynomials uz/’ﬂ/ (z(t),a’, V) and u3(x(s),a, b), holds:
ug/’ﬁl (z(t),d',b), = Ala, B,a,b,n, s)u? (2(s),a,b)q, (50)

where

(—1)5 9Ty (b—a —n)ly(s —a+ B+ 1)Ty(b+ a+ s+ 1)Ty(n+1)
Ly(b—8)Tg(n+ B+ Dy(b+a+a+n+1)Ty(s —a+1)

A(Oé, ﬂa a, ba n, S) =

If we now substitute (50) in (49) and make the change (48), then (49) converts into relation (46),
i.e., the polynomial set uz/”g/(m(t), a',b'), defined by (47) [or (50)] is the dual set associated to the Racah
polynomials % (z(s), a, b)g-

To conclude this study, let us show that TTRR (16) of the polynomials ug,’ﬁ, (z(t),d’, V'), is SODE
(4) of the polynomials uﬁ’ﬁ(x(s), a,b)q, whereas SODE (4) of uzl’ﬁl(x(t), a',b'), converts into TTRR (16)
of uﬁ’ﬁ(x(s), a,b), and vice versa.

Let us denote by ¢(t) the o function of the polynomial uzl’ﬁ /; then
s(t) = [t — d]gft + V][t +a' = Bt + o' —tlg = [n]gln +b—a+a+ Blgn+albt+a—n-p,
and, therefore,
s(—t—1)=[a+B8+n+14b+a+a+n+1)b—a—n—1n+ 6+ 1],
Ao = [Klgld/ + 8"+ k+1]g = [s — alg[s + a + 1],

For the coefficients o, 5}, and 7;, of TTRR for the polynomials ug/’ﬁ " we have

ol = [k +1gle + B+ k + 1], :[s—a+1]q[s+a+1]q
k [ + B + 2k + 1],[o/ + ' + 2k + 2], 2s+1]4[2s+ 2],
;b atslglb+a—slgls +a— Blg[s — a+ Blg[b + slg[b — slq
= [25 + 1]q[2s]q ’
and L + (=s—1) (5)
, o a o(—s — oS
B =[n+ 5 Jq[n + 5 T g+ 25 + 1,25 + 2], + 25 + 1]4[2s],

Also we have Ax(t) = [2t + 2], = 2n+ a + 8+ 2], and z(s) = [s]4[s + 1]y = [k + al4[k + a + 1],.

15
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We show that SODE of the Racah polynomials ug” (z(s),a,b)qy is TTRR of the polynomials
B ) o %
w, " (2(t), ', b)g.

First, we substitute relation (50) in SODE (4) of the polynomials u3" (z(s), a, b), and use that
ug? (x(s + 1), a,b), is proportional to ug,i’ll(x(t), a',b)g [see (50)].

After some simplification, in view of the last formulas, we obtain

o (@), ) + (B = [nlalor+ 8+ n+ 1] — (45211252 + 1],) w7 (a(0), ', ),
A (1), 1) = 0,

but
[nlgla + B+ n + g + [252],[942 + 1)y = [n+ 2]y In + 252 + 1], = 2(2),

i.e., we obtain TTRR of the polynomials ug/’ﬂl (z(t),a', V),
If we now substitute (50) in TTRR (16) for the Racah polynomials u%’ﬁ(a:(s),a,b)q and use that
u®P (x(s),a,b) ~ ugl’ﬁ/ (z(t+£1),d,V),, then we obtain SODE
g(—t — 1) o3 g(t) o3
Aw(t)Ax(t _ l)uk (m(t + 1)’ a,> b/)q + 1 uk (l‘(t - 1)7 ala b/)q
_|st=t= <(t)
Az(t)Az(t—3)  Va(t)Az(t—3)

+ lalglat1g— [k +alglk+a+1] | w7 (2(t), ', 1) = 0.

That is SODE (4) of u‘,:/’ﬁl (z(t),d’,b')q since
lalgla + 1] — [k + alg[k + a +1]q = —[k]gk + 2a + 1]g = —[k]o[k + o/ + 5"+ 1] = =\

2.2. The ¢-Racah Polynomials u%”(x(s),a,b),

There exists another possibility to define the g-Racah polynomials as was suggested in [9,18].
It corresponds to the function

o(s) = [s — alg[s + blg[s — a + Blg[b + a + s]g,

ie, A=1,s1=a,s9=-b ss=a—0,s4=-b—q.
With this choice, we obtain a new family of polynomials e (x(s), a, b), that is orthogonal with
respect to the weight function

Fy(s+a+1DIy(s+a—F+1)
Tys+a+b+D)T,(b+a—s)Ty(s—a+Dy(s+b+1)Ty(s —a+ B+ 1)Ty(b—s)

p(s) =

All their characteristics can be obtained exactly in the same way as before. Moreover, they can also
be obtained from the corresponding characteristics of the polynomials us? (x(s),a,b)q by changing o —
—2b—«, [ — 2a — 8 and using the properties of the functions I'y(s), I'y(s), (alg)n, and (a;q),. We

summarize the main data of the polynomials w5 (x(s),a,b)q in Table 2.

16
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TABLE 2. Main Data of g-Racah Polynomials u%?(x(s), a, b),.

Pa(s) U (x(s), a,b)g,  w(s) =[slgls + 1]
(a7b) [(L,b— 1]
(o) T (s+a+1)y(s+a—pB+1)
T (s+a+b+ DT, (b+a—s)Ty(s—a+ Dy (s+b+1)Ty(s —a+ B+ 1)y(b—s)
—%<a§b—1,o¢>—1,—l<ﬁ<2a+1
o(s) [s — alq[s + blgls —a+ Blg[b+ a + s
o(—s—1) [s+a+1gb—s—1)4[s+a—-B+14b+a—s—1],
(s) [2a — B+ 1g[blg[b + alq — [20+ o — 1glalgla — Blg — [2b+ a = 1]¢[2a — B + 1],
—[2b—2a+a+ B —2]z(s)
5 —20—2a+a+B-2n—2|x(s+5)+[a+ 5 +1]4[b— 5 —1]4la+5+1-F],[b—F+a—1],
Tn(s
—[a + %]q[b - %]q[a + % - ﬁ]q[b - % + a]q
An [n]4[20 —2a+a+ 5 —n—1],
1
B,
[n]q!
2 T, (2a+n—B+1)Ty(20—2a+a+3—n)[2b—2a—2n—1+a+0],"
" T+ 1)y (b—a—n)Ty(b—a—n+a)Ly(b—a+B—n)Ty(2b+a—n)Ty(b—a+a+B—n)
() r (s+a+n+l)F (s+a+n ﬁJrl)
P r (s+a+b+l) g(b+a—s— n)F (s—a+1)T" (s+b+1) q(s— a+B+1)T q(b—s—n)
" (—1)”Fq[2b—2a+a+ﬂ—n]q
" [n]q!fq[Qb—Qa—}—a—l—ﬁ—Zn]q
B n+1]420—2a+a+5—-—n—-1],
fn [2b—2a+a+ B —2n—1],2b—2a+a+ 8 —2n— 2],
[2b—2a+a+B—n—1],Ja—b+n+1],[2a—B+n+1],Ja—b—a+n+1]
5 lalgla+1]o+ [2b72a+a4i/6’72n71]q[2qbf2a+a+ﬂfq2nf2]q :
n ‘ [2b+a—n]4b—a+a+F—nl4b—a+F—nl4n],
T [2b—2a+a+F—2n—1],[2b—2a+a+3—2n],
_[2a—B+4n]q[b—a—n]4lb—a—n+d4lb—a—n+[4[2b+a—n|sb—ata+B-n],
o [2b—2a+a+B—2n—1],[20—2a+a+3—2n),
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2.2.1. The Hypergeometric Representation

For the u2"” (2(s),a,b)q polynomials, we have the following hypergeometric representation:

8 el C A e 1) et ) S C AT V1
Unp, (‘T(S)7 a, )q - %Qn( .
2(q; @) .
q—n q2a—2b—a—ﬁ+n+1 qa—s qa+s+1 ( )
X 4P qa—b-‘,-l7 q2a—ﬂ+l’ qa—b—a+1 ’ 754
or, in terms of the g-hypergeometric series (28),
- (a—b+1|g)n(2a — B+ 1]|¢)n(a —b—a+1|q)
T as),0,), = Loz 2T .
q!
52
M\ F -n,2a—2b—a—B+n+1l,a—s,a+s+1 ‘ ) (52)
4 a—b+1,2a—B+la—b—a+1 2

Using the Sears transformation formula (see Eq. (III.15) in [31]) we obtain the equivalent representation

formulas:
7 (2(s), a,b) _q 2B B (g ) (g 0 @) (P )
) Bl a0
q b n 53)
-n 2a—2b—a—F+n+1 ,—b—s ,,—b+s+1 (
times q ;9 yq » 4
4¢3 ot g2kl ga—b-pil 7,49
and
- (@a—b4+1|¢)n(—20 — o+ 1|g)n(a — b -+ 1|q)
8 (a(s), a,b), = ) T "
q!
54
T -n,2a—2b—a—B+n+1,-b—s,~-b+s+1 ’ . (54)
s a—b+1,-2B—a+l,a—b—F+1 ¢

Remark: From the above formulas follows that the polynomials w5 (x(s),a,b)q are multiples of the
standard ¢-Racah polynomials Ry, (1(q%%); ¢ 0=, ¢* =8, ¢%=b, ¢°0|q).
Moreover, from the above hypergeometric representations we obtain the following values:

urP(z(a),a,b) _(@a=b+1g)n(2a = f+ lg)n(a —b—a+1lgh

[n]q! (55)
@ @)@ @)@ )
q§(4a—2b—a—ﬁ+n+1)%gn<q; Q)n
—b+1|q)n(—2b — a+ 1|g)n(a—b— 5+ 1]g)n
88 (a(b — 1), a, b), — 2= 0 F D=2 OEJ]r'Iq) (a—b—F+1g)
nq-
(56)

@ @n(a P (e )
q5(2a—4b—a—ﬁ+n+1) %gn(q; (])n

18
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In view of (10), we obtain the explicit formula?

Ty(s—a+1y(s+b+D)Ty(s —a+ B+ 1Ty —s)Ty(s +a+b+1)

ah a, T
(z(s),a,b)q = T (s +a+1)Ty(s+a—5+1)

F[2s + 2k —n+1 k D25 +k—n+1
b+a_sz~ 25 + n+ 1 Dg(s + k+a+1)Ty(2s + —nt ) (57)
) (n—k‘—l—l) ¢2s+k+2)0 q(s—n—l-k—a—I—l)Fq(b—s—k‘)
(s +k+a—-p+1)
Tys+k—n+a+b+Dyb+a—s—kT(s—n+k+b+Dy(s—n+k—a+5+1)
From this expression follows that
18 (2(a), a, b)y = fq(b—a)I’q(ij—ﬂ+n+1)AIjq(b—a+a) ’
[n]!Fq(b—a—n)I‘q(2a—ﬁ+1) ¢b—a+a—n) (58)
1)"Ty (b — 2b b—
ﬁﬁ”g(x(b—l),a,b)q: ~( ) ( ) ( +Oé) ( a+/3) ,
[n]!Fq(b—a—n) (2b+a—n)F (b—a+p—n)
which are in agreement with values (55) and (56) obtained before.
From the hypergeometric representation follows the symmetry property
U (x(s),a,b)q = U, "~ T (2 (s), a, b)q.
2.2.2. Differentiation Formulas
Next we use the differentiation formulas (21) and (23) to obtain
AT (2(s), a,b)
Al T = 2b—2a+a+f—n—1a"" (s +1),a+1b-1), (59)
[nl[2s + gt (@(s), a,b)g =0 (s — iy (a(s + 3),a + 5,5 = §)q
(60)
—o(s)ap i (e(s = 5), 0+ 5,0 = 3
respectively.
Finally, formulas (24) [or (25)] and (26) lead to the following differentiation formulas:
VNaﬁ(x(s),a, b)q [2b—2a+a+B—n—1], 0,8
- n o s Wy 1 ) ’ 1
(s 1)Aazﬂ(x(s), a,b)y  [2b—2a+a+B-n—1],
o [25+2], © [2b—2a+a+B-2n-2|,
(62)

x| (70 (8) 4[] [2b—2a-+a+B—2n—2],[25+1] )T (2(5), a, b) g — [n+1] 0 (x (),a,b)q],

respectively, where 7,,(s) is given in Table 2

3Obviously formulas (51)—(54) also give two equivalent explicit formulas.
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2.3. Dual Set to u®”(z(s),a,b),

To obtain the dual set to o (x(s),a,b)q, we use the same method as in the previous section.

We start from the orthogonality relation (13) for the polynomials 75" (z(s), a, b), defined by (54) and
write the dual relation

Z 1 1
?ﬁ ?ﬁ / — 12 — J—

where p and d? are the weight function and the norm of e’ (x(s),a,b)q is given in Table 2. Furthermore,
from (54) follows that the functions ush (x(s),a,b), are polynomials of degree k = b— s — 1 on the lattice
x(t) = [tyt + 1]4, where t =b—a —n+ O‘—;’g — 1 (the proof is similar to the one presented in Sec. 2.1.4.
and we will omit it here).

To identify the dual set, let us define a new set

(—1)FF, (¥ — a)F, (¥ — a’ + B)F, (2 + )

0 (@ (t), ! b )y =——= = L
(KIT,(0 — o’ — k)T, (V — ' + B — k)Tq(20 + o — k)

(64)

« F —k:,2a’—2b’—o/—ﬁ’+k+1,—b’—t,—b’+t+1‘ )
s d -V 41,20 —a/ +1,d -t - +1 =]

where
k=b-s—1, O‘;ﬁ , d = O‘;ﬁ, Y :b—a—i—a;ﬁ, o =2a—8, B =p. (65)
Obviously they satisfy the following orthogonality relation:
y-1oo
> ap T @(t), )i (@ (t), d b )gp (D Azt — 1/2) = (d})*Skm, (66)
t=a’

where now p/(t) and dj, are the weight function p and the norm d,,, respectively, given in Table 2 with
the corresponding change of the parameters a, b, «, 3,n,s by o/, 0, o/, 3, k,t (65).

Furthermore, with the above definition (65) for the parameters of uj, o (x(t),ad,b")q, the hypergeo-
metric function 4F3 in (64) coincides with the function 4F3 in (54) and, therefore, the following relation
between the polynomials U P (x(t),d, b)) and TS (x(s), a, b)q holds:

W (), 0¥ )g = Ao, B, a,b,m, )75 (2(s),a,b)g, (67)
where

(=D g0 —a—n)Ty(b+a - mTyb—a+f—n)ly(n +1)

./Z s My aba ) = - r
(@, ,a,b,m, 5) Fq(b—S)Fq(S—a-l-ﬂ‘i‘l) Q(5+b+a+1)FQ(S_a+1)

To prove that the polynomials 1, o\ (z(t),a’, )4 are the dual set to un’ﬂ( (s),a,b)q, it is sufficient to
substitute (67) in (66) and make the change (65) that converts (66) into (46).
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Let us also mention that, as in the case of the g-Racah polynomials, TTRR (16) of the polynomials
ﬁz‘l’ﬁ/ (x(t),a’,b")q is SODE (4) of the polynomials b (2(s), a, b)4, whereas SODE (4) of ﬁz‘l’ﬁ/ (x(t),d,b')q
converts into TTRR (16) of a3 (z(s), a, b)4, and vice versa.

To conclude this section, let us point out that there exists a simple relation connecting both polyno-
mials u?{’ﬁ(:v(s),a, b), and &ﬁ’ﬁ(x(s), a,b), [see (87) from below]. We will establish it at the end of the
next section.

3. Connection with 6j-Symbols of ¢-Algebra SU,(2)

3.1. 6j-Symbols of Quantum Algebra SU,(2)

It is known (see, e.g., [21] and references therein) that the Racah coefficients Uq(j1 j2 j j3; j12 j23) are
used for the transition from the coupling scheme of three angular momenta ji, jo, j3

id2(ir2), gs s dm) = > (imadamoldiamiz) (amaadsms|jm)|jima )| jama) | jsms)
mi1,m2,m3,mi2z
to the following ones:
717273 (j23) * m) = Z (Jamajams|jazmas) (jimajasmas|jm)|jima)|jame)|jsms),
mi,m2,m3,ma3
where (jomaqjpmp|japmas) denotes the Clebsch-Gordan coefficients of the quantum algebra su,(2). In
fact, we have that recoupling is given by
1ja(d12) g = gm) = Ug(jt g2 j js; fi2 jas)|d1jads(jas)  jm).
Jo3

The Racah coefficients U define an unitary matrix, i.e., they satisfy the orthogonality relations

> " Uqt j2.j jss 12 J23)Uq (1 J2.3 33 1o J23) = 650, 1. (68)
Jo3
> Uy g2 33; 12 G23)Uq (G G2 5 333 312 G53) = Ojag gt (69)
Ji2

Usually, instead of the Racah coefficients, it is more convenient to use the 6j-symbols defined by

L e : } J1 J2 Ji2
Uq (g1 J2 J 333 J12 Joag) = (—1)71H92H734) \/[2,712 + 1]¢[2j23 + 14 Lo .
J3 J  J23 q

The 6j-symbols have the following symmetry property:
fondm ) fod 0
Js]]z:zq J1]]12q
Here without loss of generality, we suppose that j; > jo and j3 > jo; then for the momenta jo3 and jio
we have the intervals

Js—J2<Jo3 < Jj2+t73, J1—J2<J12 <Jj1+J2
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respectively. Now, in order to avoid any other restrictions on these two momenta (caused by the so-called
triangle inequalities for the 6j-symbols), we assume that the following restrictions hold:

|7 — j3| <min(ji2) = j1 — Jj2, |J — j1| < min(ja3) = j3 — jo.

3.2. 6j-Symbols and ¢-Racah Polynomials u®”(z(s),a,b),

Now we are ready to establish the connection of the 6j-symbols with the g-Racah polynomials.
We fix the variable s as s = jo3 that runs on the interval a < s < b—1, where a = j3—7j2, b = jo+j3+1.
Let us put

FWﬁMH[%THM{ﬁJ?ﬁQ}z AL 9 a5), 0, (71)
30 I3 ), n

where p(s) and d,, are the weight function and the norm, respectively, of the g-Racah polynomials on the
lattice (1) u$”(z(s), a, b)g, and
n=jiz—jitj, a=ji—ja—js+j=0,  B=ji-jtjs—j=0"
To verify the above relation, we use the recurrence relation (see Eq. (5.17) in [23])
2]¢[2723 + 2|4 A, { ‘7:1 j? . J12 }
g3og g1,

- (([2j23]q[2j1 + 2l —[2lgl7 — J2s + 1 + Ugld + Jas — Jilg)

x ([272]q[2723 + 2]q — [2]q[j3 — J2 + j2s + 1glss + J2 — J2slg) (72)

— ([272]q[271 + 2]q — [2]ql12 — J2 + 1 + Uglirz + J2 — jilq)[2723 + Q]q[2j23]q)

) Ji J2 Ji2 . JioJ2 Ji2
x[2g23 + 14 . . + [2]q[2]23]q14;_ . . =0,
g3 J g ), Js J Js+1

where

A Z\/[j + Jos + J1 + Ugld + Jas — J1lgld — Jes + 1 + Uglyas — J +j1lg

X \/[j2 + g3 4 jo3 + Uglje + J3 — gz + 1gliz — jo + Jozlqlie — J3 + J23lqs

Af :\/[j + Jog + g1 + 2]gld + 23 — g1 + Ugld — dos + d1lglizs — 5 + 1 + 1g

X \/[Jé + j3 + jos + 2]glg2 + J3 — Jaslqlizs — j2 + j23 4+ 1glj2 — J3 + joz + 1]

Notice that

Ay = Vols)o(=jn), Af =0l + Dol(—jas — 1),

4Notice that this is equivalent to the following setting:

a=b-—a-1+a+p)/2, jo=(0-a-1)/2, ja=(a+b-1)/2,
jiz=02n+a+03)/2, jes=s, j=(a+b-—14+a—p0)/2
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where

0(jo3) = [d23 — J3 + J2lgldes + jo + jz + 1qljoz — g1 + JlglJ + 41 — j2z + 1]g,
o(=j23 — 1) = [Joz + J3 — Jo + gli2 + j3 — Jaslglies + j1 — J + Lglj + 41 + 2z + 2]q-

Substituting (71) in (72) and simplifying the expression obtained we arrive at

2)g0(—s — Dul (a(s + 1), a,b)g + [25 + 2go ()us? (a(s — 1), a,b),
+ (Anl2sg[2s + 1]q[25 + 2)g — [25],0(—5 = 1) = [25 + 240 (5) )i (2(s), a,b)g = 0,

which is the difference equation for the g-Racah polynomials (4).
Since uS"” ((s), a,b), = 1, relation (71) leads to

Ji1 J2 J1—J2
Jz J Jo3

{jl J2 jl—jz} _:{jl J2 jl_jQ}
J3 J J23 q J3 7 S q

(~19st3, [l — 2, + 1], {

i+j1+s J1+j+s 1]q![j1 +Jj- S]q![jl —-Jj+ S]q![jS —J2 + S]q!
[j — J1 + slg!li3 + j2 — slg!li2 — 73 + slg!lj2 + j3 + 5 + 1]/

21 — 252]4![272]4 72 + J3 + J — j1l4!
21 + g1 + J3 — g2 — 4l — g3 — g2 + 4l + g3 — J2 + 7 + 1] ¢!

Furthermore, substituting the values s = a and s =b— 1 in (71) and using (41) we find

Js3 J Jz—J2

{ A J12 } :(71)j12+j3+j
q

oLz + s = g1g" 2ol lne + s + 7 + 1g![2s — 2j2lg!li2 — 1 + Jraly! (74)
U1 = J2 + Js — dlg'li + J2 — rele!lin — d2 + Js + 7 + 1!

1+ Jo — g3 + dlg!lir — g2 + J12)e! 3 — Jiz + 44!
1245 + 1!z — 41 — J2 + Flg! 12 — d3 + dlg! 1 + j2 + ji2 + 1]4!

and

g1 J2 Ji2 :(71)j1+j2+j3+j
J3 J J2+73

g1 + 2 + 33 — Jl4! (75)

X¢W%WuﬂhﬂM%—ﬁ+%+mmﬂq

71 + j2 — jJi2lg! i1 — g2 — Js + Jlg'lis — Jiz + Jl4!

272 4 273 + 1] [j12 + j3 — Jlg'li1 + g2 + j12 + 1! 12 + J3 + 7 + 1]

\/ 2 — g1 + J12lg! 1 — g2 + Ji2lg! 1 + jo + J3 + 5 + 1]
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which are in agreement with the results of [21].

Relation (71) allows us to obtain several recurrence relations for the 6j-symbols of the quantum

algebra SU,(2) by using the properties of the g-Racah polynomials. So, TTRR (16) gives
o N . (i e a1
2oy A 4 20 2+, A7
J3 J J23 q J3 J J23 q
— (21l + Vgl2g12 + 2q (Uisslalizs + g = s = jalalis = o + 1g) + [241lg

X [J1 = Jo + Jr2 + Ugljiz — j1 — Jolglirz +Js — j + 1glji2 + g3 + 5 + 2] — [2712 + 2]

. . qt. . ) ) ) ) ) ) . J1 J2 J12
X [J12 — ja3 + Jlgld1 + d2 + Jiz + 1qljs — ji2 + 5 + Lglde — 51 +]12]q> PR } =0,
3 23
q

where

Z; = \/[jz — j1 + Ji2lqlir — J2 + Ji2lelire — 3 + dlglire + 33 — dlglir + j2 + j12 + 14
X\/[jm +js +J + Uglj1 +j2 — iz + 1gljs — jiz +j + 1,

Ay = \/[jz —j1+ iz + Uglin — da + iz + Uglre — js + j + gz + 43 — 5 + 1
X\/[jl + J2 + Jr2 + 2glire + g3 + 5 + 2qli + J2 — Ji2lelis — Ji2 + g

Expressions (42) and (43) yield

. Ji o J2 J12 : J1J2 Ji2
U(]23+1){ } + U(—Jz3—1){ . }
q q

J3 J Jes+1 Js J  J23

. . . ji+3 Je—3  ji
= [2j23 + 2]q\/[]2 — j1 + ji2lqlit — J2 + ji12 + 14 ‘ . . 1
js i ogmty

and

. 1 . 1 . . 1 . 1 .
- ht+s3 J2—3 J12 - Jh+s3 J2—35 J12
o(—jaz — 1) 2 2 T Vo) 2 S
J3 J J23 + 35 . J3 J J23 =32 ),

. ) . . . . J1 J2 Ji2
= [2j23 + 1]q\/[]12 — 1+ j2lgliie + 51 — j2 + 1] { L } ;
J3 J  J23 q

respectively, whereas the differentiation formulas (44)-(45) give

. _ ) g2 g2 L, J1 J2 Jiz+1
2712 + Q]qu ) . + [2]23]11/13— ) . .
Js J Jas—1 J3 J J23 .

. ‘ . . . . . J1 J2 J12
+ <J(323)[2312 +2]g + [J1 — J2 + Jiz + 1)4[2723)¢A(d12, J23, J1, J2) { PR } =0
3 23

24
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and

. Ji J2 J12 . ~ Ji J2 Jiz+1
2712 + 24473 7 —[2ja3 +2],AF ¢ T ,
J3 g Jes+1 . Js J J23 .

+ ([2712 +2]q0(—jo3 — 1) — [2j23 + 2]g[j1 — J2 + 12 + 1]q (A(J12, 523, J1, J2) (81)

. . . . . J1 J2 J12
+ [J12 — J1 + J2lq[2712 + 2]4[2723 + 1]4) { o } =0,
J3 J  J23 q

respectively, where A(f are given by (73), /Tf]t by (77), and

. —j12 + J1 — Jo —J12 +J1 — J2

A(j12, jo3, j1, jo) =0 | ————= — 1) —0 | —— 2=
2 2

‘ | SN | SO

~ [2j12 + 2 [jzﬁW} [323+‘“2j21”+1]

q q

Using the hypergeometric representations (35) and (37) we obtain the representation of the 6j-symbols
in terms of the g-hypergeometric function® (28)

1 J2 12 _ (_1)j12+j23+j2+j : : : : [2]:2]q! ‘ ‘ ‘
J3 J J U1 = J2 + Js = dlg!li — J2 +js + J + 1!

o 1+ J + jo3 + 1! g1 + 5 — daslq!lir — J + Jeslg!lis — g2 + ja23]4!
[J — g1+ Jo3lg'[ds + Jo — J2slq!d2 — g3 + Joslg![j2 + Jz + jog + 14!

5 12 — g1 + Jelg!ldie + J1 — J2lg!lis + 7 — Ji2lg!liz + di2 — glg!lds + Ji2 + 7 + 1]4!
12 — J3 + jlg!i1 + g2 + 12 + 11 + j2 — Jizl4!

« Fs j1—jz—j127j1—j2+j12+1,j3—jz—j237j23+j3—j2+1‘ 1
2o, j1—Je+is—j+1 1 —joatiz+j+2 ’

and

Juogz gz | _ (= 1)+t 272]4! 2 + J3 — J1 + Jlg!
g3 Jes [t — g2 = Ja + Jjlg!

o 1+ 7+ jes + 1! [g1 + 7 — Jeslg!lin — J + Jeslg! iz — J2 + J2slg!
[7 — J1 + Jaslq!lds + g2 — J2slg!ld2 — Js + Joslg!lj2 + J3 + jos + 1]4!

y [J12 — j1 + Jolg! 12 + 71 — J2lq!ld12 — Js + Jlg!
U1 + g2 + Ji2 + g1 + g2 — di2lg! s + 7 — Jrele!lie + Js — dlq!lis + ji2 + 5 + 1]4!
Ji—J2—J12,J1 —Je+Ji2+1,—J3 —Jo 4+ Jjo3, —Joz — g3 —Jo — 1
X 4F3 . . . . . . . . . q, 1.
—2J2, n—Je—Js+ti+t1l, n—Je—Js—1J

5To obtain the representation in terms of the basic hypergeometric series, it is sufficient to use relation (29).
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Notice that values (74) and (75) immediately follow from the above representations.

Notice also that the above formulas give two alternative explicit formulas for computing the 6j-
symbols.

The third explicit formula follows from (40):

Jvogaogiz | [lg2s g2 — gsle!lies + g2 + s + o' [as + 7 — dilg!l2 + J3 — Jasy!
J3 J Je3 [j23 + J3 — Jalg! 23 + J1 — Jlg!lj2s + J1 +J + 1! 1 + J — jas]q!

o 12 — j1 + Jolg' i1 — Jo + Ji2lg! 1 + J2 — Ji2lg!lJ3 — Ji2 + Jl4!
12 — Js + dlg'ld12 + g3 — jlg'lin + Jo + jiz + 1g![j12 + Jjs + Jlg!

x ]122]1:+]2 (—1)FHtizsti[2k + j — jo — jig + 2723 + 14k + joz + j3 — Jal4!
= [klg!lie — v+ J2 — k]! + 1+ Klg!E + Jas + J1 — Jr2 — Jsg!
" 2j23 + k — j12 + j1 — J2lg![k + Joz + j1 — Jlg!k 4 d2s + j1 + 5 + Ug!lj1 + 7 — j2z — Klg!
[k + jos + j1 — g1z + ja + L[k + joz + J — J2 — Ji2lg!lJ2 + j3 — Jos + 1 — K/

To conclude this section, let us point out that the orthogonality relations (68) and (69) lead to the
orthogonality relations for the Racah polynomials u%” (z(s), a, b)q (35) and their duals ug/’ﬁ / (x(t),ad,b)q,
respectively, and also that relation (50) between the ¢g-Racah and dual ¢-Racah polynomials corresponds
to the symmetry property (70).

3.3. 6j-Symbols and Alternative ¢-Racah Polynomials u%(z(s), a,b),

In this section, we provide the same comparative analysis but for the alternative g-Racah polynomials
2P (2(s), a,b),.
We again choose s = jo3 that runs on the interval [a,b — 1], a = j3 — j2, b = jo + j3 + 1.

In this case, the connection is given by the formula

(_1)j12+j3+j [2j12+1]q{ j; ]]2 j;z} = p(gj)ﬁ%’ﬁ(a:(s),a,b)q, (82)

n

where p(s) and d,, are the weight function and the norm, respectively, of the alternative g-Racah poly-
nomials 75° (z(s), a, b), (see Sec. 2.2.) on the lattice (1) and

n=j1+ j2 — ji12, a=j1—j2—Js+3>0, B=jg1—ja+J3—3j>0.

In view of the above relations, one sees that SODE (4) for the polynomials a3 (2(s), a, b), converts
into the recurrence relation (72), as well as TTRR (16) converts into the recurrence relation (76). Eva-

luating (82) in s = jog = j3 — j2 and s = jo3 = jo + js + 1 and using (58) we recover values (74) and (75),
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respectively. If we now put n =0, i.e., ji12 = j1 + j2, we obtain the value

{Ja ja j1+j2} ,_{jl 2 j1+j2}
J3 J J23 q J]3 J S q

= (—1)jrHitis 251]g! (221! 1 + 2 + J3 + 5 + g1 + J2 — 3 + jlg!
21 + 2j2 + 1! [—51 — j2 + js + jlg![j2 + jz + 5 + 1!

% [s — J1 + jlg![s — J2 + Jslq!
b+ = slo!lin =3+ slg'ln + 5 + s+ Ug'lja + js — sl!li2 — Ja + slg!
Expressions (59) and (60) yield

. Ji1 o J2 J12 . J1 J2 Ji2
S(jos+1)q °° 70 —Ve(=jgaz—1)¢ 7T "
Js J Jes+1 . g3 J g ),

. 1 . 1 .
. . =35 Jo—35  Ji2
= [2j23 + 2](1\/[]1 + j2 — ji2lqlit + Jo + Ji2 + 14 o2 2 1
J3 J J23+ 35

and

. 1 . 1 . . 1 . 1 .
. J1—5 J2—35 J12 . J1—5 J2—35 J12
S(—jas — 1) 2 2 L~ Vs(2s) 2 2 i
J3 J J23 + 35 . J3 J JBs—3 ),

o (84)
. . . . . . . Ji oJ2
= [2j23 + 1]q\/[]1 + jo — ji2lgli1 + j2 + ji2 + 1] { .1 2 .12 } ;

J3 J  J23

respectively, where
S(J23) = [J23 — Js + J2lgldes + J2 + Js + Uglies — 1 + 5 + gl + J1 + J2s + 1,
§(—joz — 1) = [joz + g3 — J2 + gli2 + J3 — Jaslqlies +j1 — J + gld + J1 — Joslg-
Differentiation formulas (61)—(62) give

J1 J2 Ji2 Ji J2 Jiz—1
2712]4 A, S — [2523) Ay . .
J3 J Jes—1 Js J Jo23 .

) . . . ) o J1 g2 J12 (85)
— (C(]23)[2]12]q + 1+ + g2+ 1](1@]23](1/\(]12,]23,]1,J2)> { P } =0
3 23
q

and

J3 J Jes+1 J23

o . i
st {22 % Y a2 2 2ot
— ([2j12]q€(—j23 — 1) — [2j23 + 2]4[j1 + jo + j12 + 14 7\ (J12 J23, J1, J2) (86)

. . . . . Ji1 J2 Ji2
+j1 + J2 — J12]q[2712]¢[2723 + 1]4) )) { . }
Js 7 J23
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respectively, where Af]t are given by (73), gf]t by (77), and

K(jro, o, iy o) =¢ (L2222 g ) _ g (I T2
2 2
j1+j2—j12} [ J1+J2 — J12
e I R
q

1
2 2 * ]

25124 [j23 +
q

If we now use the hypergeometric representations (52) and (54), we obtain two new representations
of the 6j-symbols in terms of the ¢-hypergeometric function (28)

g2 g2 | (—1)yiz+isti [272]4![j1 + J2 — J3 + 4!
jsod ), (3 — J2 — J1 + ¢!

" [J — 71 + Jeslq!lds — g2 + j23lq!
1 47 + Jo3 + g!lg1 + J — jaslg! g2 — Js + Joslq![j2 + J3 + j2z + 1! 41 — 7 + Joslg!

" 3 — Jr2 + Jlq!liie + j3 — 4lg'lis + diz + 7 + ¢! — Jo + j12 + 1]4!
[73 4 j2 — J23lg! g1 + Jo — Ji2lg!d2 — 41 + Ji2lg! 12 — g3 + Jlg! i1 + g2 + Jiz + 14!

« 4Fs Ji2—J1—J2,—J1—J2—J12— 1,03 —J2 — Je3, ez + 3 —Jjo + 1 ‘q 1
—2jo, js—j1i—ja+i+1, js—j1—j2—J ’

and

{ﬁjzﬁQ}_QJWﬂmJ%%WrHTHvHMM+ﬁ+B—ﬂ#

Js J  J23 Vs + j2 — jaslg! i + J2 — Jiz2lg!
o [J — J1 + Jeslq!lds — J2 + j2slq!
71+ J + jes + 1g![J1 + 7 — j23lq! 2 — Js + Jaslg!ld2 + J3 + Jo3 + 1]¢! 31 — J + j23]4!
o (712 — j3 + dlqg!ld12 + j1 — j2 + 1]4!
73 — Jiz + dlg' 12 + g3 — dlg!ld1 + g2 + Jiz + 1! j2 — 71 + Ji2lg!lJs + Jiz + 7 + 14!

« 4Fs Ji2—J1—J2,—J1—J2—J12— 1, —j3 —Jo — jez — 1,j23 — j3 — J2
—2jo, —Jj1—J2—J3—Jy J—J1—J2— J3

q,l).

Obviously, the above formulas give two other alternative explicit formulas for computing the 6;-
symbols.

Notice that values (74) and (75) also follow from the above representations.
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Finally, from (57) follows

Ji J2 Ji2 _ [F2s + g1 + 7 + 141 — Jos + dlq!ld2 — Js + Joslq!lj2 + J3 + o3 + 1] !
Js J  Jos (23 — J2 + Jalg![—d1 + Jaz + jlg![—d12 + Jz + jlg!lir + Ja2 + a2 + 1]4!

y (1 + Jos — Jlg'lJ2 + J3 — Jaslg!lin + 2 — ]12] [=j1 + Ja + jizlg!
[—js+ 3 +j12]q!_1[j12 +i3+7+ 1] "1 — g2 + Ji2lg!” !

R (= 1) 2045 (955 4 20 — i — o + ju2 + 1
= lg'li1 +J2 — Jaz — Ug'[2d2s + 1+ g lj2s — J1 — J2 + Jaz + 1+ J2 — Jalg!lj2 + Js — jas — 1] ¢!
(2423 + 1 — g1 — jo + j12lg!ljes + 1 — j2 + gslg![—d1 + 7 + Jos + ]!
[l+112*J2+J+J23+1] Wi + 4 — des — Ug!l—J1 + Ji2 + J3 + jos + L+ 1! [—j2 + iz — J + Jas + 14!

To conclude this section, let us point out that the orthogonality relations (68) and (69) lead to
the orthogonality relations for the alternative Racah polynomials @9 (x(s),a,b)q (52) and their duals

uy i (x(t),d’,b")q (64), respectively, and relation (67) between the g-Racah and dual g-Racah polynomials
corresponds to the symmetry property (70).

3.4. Connection between ;" (x(s), a,b), and u®?(z(s), a,b),

Let us obtain the formula connecting the two families Eg’g(m(s), a,b), and un’ﬂ( (s),a,b)q.
In fact, Egs. (71) and (82) suggest the following relation between both Racah polynomials
a7 (2(5), 0. b)g and up” (2(s), 0, b)y:

() a,b) = (-1
I‘(s a—i—ﬁ—l—l) q(b+a— s)I (b+a+1+3) gla+b—p—n)
Pq(s+a—ﬂ+1) (a+1+n) (B+1+n) Jla+b+a+1+n)

(87)

gﬂ(x(s)v a, b)Q'

To prove this, it is sufficient to substitute the above formula into the difference equation (4) of the
polynomials un’ﬂ( (5),a,b),.

After some straightforward computations, the resulting difference equation converts into the corre-
sponding difference equation for the polynomials u? (x(s),a,b)q.

Notice that from this relation follows that

F a—b—i—n—l—l,a—b—a—ﬁ—n,a—s,a—i-s—i-l‘ )
s a—b+1,2a—0F+1,a—b—a+1 ’

__(BH1gsalbtatatllgsa o —ma+ﬁ+n+La—aa+s+1‘ )
(20— B+ 1|Q)s—ala—b—a+ 1)  ° a—b+1,8+1la+b+a+1 )

This provides the following identity for terminating the 4¢3 basic series (n, N —n — 1,k =0,1,2,...):

; qn—N—i-l’ q—n—N—I—lA—lB—l, q—k, q—kD ‘
4%3 _ _ _ N A— q,4q
ql N, q ZkDB 1’ ql NA 1 ’

_ ™ (@Bik(d" DA ) ¢ ", ABq", ¢ *,¢""D
ARBF (¢ DB=1;q)y, (1N A1) 73\ 1=V 4B, ¢N-2*DA 74
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4. Conclusions

Here we have provided a detailed study of two kinds of Racah g-polynomials on the lattice x(s) =
[s]q[s +1]4 and also their comparative analysis with the Racah coefficients or 6j-symbols of the quantum
algebra Uy (su(2)).

To conclude the paper, we will briefly discuss the relation of the g-Racah polynomials to the repre-
sentation theory of the quantum algebra U,(su(3)). In [9] (see § 5.5.3 therein) it was shown that the
transformation between two different bases (A, ) of the irreducible representation of the classical (not
q) algebra su(3) corresponding to the reductions su(3) D su(2) x u(1) and su(3) D u(l) x su(2) of the
su(3) algebra in two different subalgebras su(2) is given in terms of the Weyl coefficients that are, up
to a sign (phase), the Racah coefficients of the algebra su(2). The same statement can be made in the
case of the quantum algebra suy(3) [32,33]. The Weyl coefficients of the transformation between two
bases of the irreducible representation (A, p) corresponding to the reductions suq(3) O suq(2) X ug(1)
and suq(3) D ug(1l) X suq(2) of the quantum algebra su,(3) in two different quantum subalgebras sug(2)
coincide (up to a sign) with the g-Racah coefficients of suy(2).

In fact, the Weyl coefficients satisfy certain difference equations that are equivalent to the differen-
tiation formulas for the g-Racah polynomials ul™” (z(s), a, b)q and a2 (x(s), a, b)g; so, following the idea
of [9] (see § 5.5.3 therein), we can assure that the main properties of the g-Racah polynomials are closely
related to the representations of the quantum algebra U, (su(3)). Finally, let us point out that the same
assertion can be made but with the noncompact quantum algebra U,(su(2,1)). This will be carefully
done in a forthcoming paper.

The results obtained can be used in models of photon—atom interactions which employ polynomial
Hamiltonians. In these models, structures like the g-analogs of Racah polynomials naturally appear in
quantum optics.
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