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Abstract

We show that for every set of discrete polynomials y,(z(s)) on the lattice z(s), defined on a finite
interval (a,b), it is possible to construct two sets of dual polynomials z(£(¢)) of degrees k = s —a and
k =b—s—1. Here we do this for the classical and alternative Hahn and Racah polynomials as well as
for their g-analogs. Also we establish the connection between classical and alternative families. This
allows us to obtain new expressions for the Clerbsch—-Gordan and Racah coefficients of the quantum
algebra Ug,(su(2)) in terms of various Hahn and Racah g-polynomials.

Keywords: discrete orthogonal polynomials, Hahn and Racah polynomials, U (su(2)) quantum algebra,
g-Clebsch—Gordan and g-Racah coeflicients.

1. Introduction

The symmetries of quantum states play an important role in explaining the degeneracy of energy
levels [1]. The connection of the energy levels of the hydrogen atom with the irreducible representation of
O(4,2) conformal symmetry was found in [2]. The ¢g-deformed Heisenberg—Weyl symmetry was used to
introduce the notion of quantum g-oscillators [3,4]. The physical meaning of ¢g-deformations was clarified
in [5] where it was shown that classical g-oscillators and their quantum partners are standard nonlinear
oscillators vibrating with a frequency depending on the amplitude. Thus, the symmetry groups and the
g-deformed symmetry groups are important ingredients in the description of states in quantum optics
and quantum mechanics. A general consideration of constructing the irreducible representations of Lie
groups and their connection with the formalism of classical mechanics was presented in [6] in the context
of symmetry applications in quantum mechanics and quantum optics.

The matrix elements of the operator of irreducible representations of the Lie group SU(2) and g¢-
deformed SU,(2)-quantum group are expressed in terms of some special functions. The special functions
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are related to Clebsch—Gordan coefficients and their generalizations. The aim of this work is to study
some polynomials which naturally appear in the physical problems associated with the g-symmetries.

In the present paper, we study further the properties of polynomial solutions y,,(z(s)) of the second-
order linear difference equation (SODE) of hypergeometric-type on the lattice z(s) [7, 8]

A Vy(s)
o(s) Ax(s —1/2) Va(s) +7(s) Ax(s)

where Af(s) = f(s+1) — f(s—1) and Vf(s) = f(s) — f(s — 1), or written in equivalent form
As)y(s + 1)+ Bls)y(s) + Clslyls — )+ Ay(s) =0, Bls) = ~A(5) = C(s), (1)
where
o(s) =o(s) +7(s)Ax(s —1/2)

and
o(s) _ o(s)
A= 12) CY T Sade(s—12)"

The polynomial solutions of the above difference equations are called hypergeometric polynomials on the
nonuniform lattice z(s). They can be expressed using the Rodrigues-type formula 8]

A(s) = (2)

\Y \Y \Y%

B
— 2n gy (n) . -
V7 pals), v Vr1(s) Vae(s)  Vap(s)

3)

where p is the solution of the Pearson-type equation Ao (s)p(s) = 7(s)p(s)Azx(s —1/2),
n
pn(s) = p(s +n) H (s +k), zi(s) = z(s + k/2),
k=1

and B, is a normalizing factor.

It is well known [7] that for any family y,(z(s)) of orthogonal polynomials of discrete variable z(s)
on a finite interval a < s < b— 1, there is a corresponding dual family zx(£(¢)) defined on a new discrete
variable £(t), o’ <t <V — 1. In fact, if the boundary conditions

(s —1/2)a(s)p(s) =0

s=a,b

hold, then the polynomials P,(s) satisfy the orthogonality relation (for more details, see [7,8])

b—1
> ynl(@($)ym(@($)p(s)A(z(s = 1/2)) = umd,. (4)

There is also another orthogonality relation that can be written as follows:

b—a—1

I 2 , .
nz:o Yn(2(8))yn(2(s"))d;, = dss p(2(5))
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This relation can be understood as a dual orthogonality relation (see [8], pp. 38, 39), i.e., the relation
for the dual set (zx(£(tn)))

2k (E(tn)) ~ yn(x(s)), k=0,1,....,b—a—1, (6)

defined in some lattice {(t,), and orthogonal with respect to a weight function

We will write (5) in the following way:

b—1

Y k) zeltn)p (ta) AE(tn — 1/2) = bre(dy)?, (7)

tn=a'

where p'(t) and df are the corresponding weight function and norm, respectively.
Notice that the dual polynomials are the solution of a second-order difference equation that corre-
sponds to the three-term recurrence relation (TTRR) of the family vy, (x(s))

2(8)yn(2(s)) = nyn+1(2(5)) + Bryn(2(s)) + Ynyn-1(2(s)) . (8)

Let us point out here that in [7,8] only one kind of dual polynomials was considered, indeed the ones
with degree k = s — a for which the following connection formula:

z(§()) = Dinyn(z(s)) (9)

was established. Nevertheless, for a finite interval (a, b), there exists another possibility corresponding to
the dual polynomials associated with the family y,(x(s)) but with degree k =b— s — 1, i.e.,

2(§(tn)) = Dipyn(2(5)) - (10)

In the following, for the sake of simplicity, we will write ¢ instead of t,.

This second kind of dual polynomials has not been considered (as far as we know), so the aim of the
present work is to complete this point. Some results concerning the dual family of polynomials can be
found in [9-11] for a finite support, and in [12] (and references therein) for an infinite (but countable)
support.

We will focus our attention in the study of the dual sets to the Hahn and Racah polynomials and
their g-analogs. For each family, we will construct two dual sets of polynomials.

We start rewriting (1) in the form

(6 = (=~ G ) ) sl = 1) = G (s - 2). ()
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Hence, by induction it is easy to see that the polynomial y,,(z(s)), which is a polynomial of degree n in
x(s), is also a polynomial of degree k = s — a in \,,. Rewriting (1) in the following way:
" — (- - n 1)) - 28T, 2), 12
(o) = (= gy ~ Gy ) el 1) = G (s +2) (12)

we conclude that y,(z(s)) is also a polynomial of \,, but with degree k =b — s — 1.

Example: To illustrate this, let us consider the classical Hahn h%ﬁ (s,a,b) and Racah u%ﬁ (s,a,b) poly-
nomials. For these families, we have [7,8]

An:Ma+ﬂ+n+D:d#Hj_ga+mm+ﬂ+%, (13)

where

t:%m+ﬂyup

For the corresponding alternative Hahn and Racah polynomials h3% (s, a,b) and %”(s, a,b), we have

)\n:n(2b—2a—|—a~l—ﬁ—n—1):—f(f+1)+<b—a~|—;(a+ﬁ)—1> <b—a+;(a+ﬁ)>,

where

~ 1
t:b—a+§(a—|—ﬁ)—n—1.

Therefore Eq. (9) leads to a polynomial of degree k = s — a in the variables ¢ or ¢, whereas (10) leads to
a polynomial of degree k = b — s — 1 in the same variables. Notice that t transforms into ¢ if we replace
nbyb—a—n—1ie,t—t if n—b—a—-n—1.

Before continuing our analysis, let us mention that for a finite interval (a, b) the two different families
of polynomials can always be constructed — the standard one and an alternative one. This is shown for
the Hahn case in [8] (see Sec. 2.4.2.1, p. 32). We will consider here both cases in detail. O

Let continue with our analysis.
By iterating formulas (11) and (12), we obtain that the coefficient of the power [t(t 4+ 1)]¥ of the
polynomial y,(z(s)) is

sS—a 1
A = (~1)"y, , —s—a,
kn ( ) Y (1‘(&)) L A(S — Z) k s—a
o (14)
s )
L (C1)bs Ly (a(b— 1 . k=b-s—1
o= 0 ante0- 1) IT 5 .
Analogously, iterating (11) and (12) for the alternative polynomials ¥y, (x(s)) we find
. _ sS—a 1
Akn:yn(x(a))Hﬂvi, k=s—a,
i1 Als—1)
b—s—1 1 (15)
A = Ga(zb—1 - k=b-s—1.
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Therefore, the proportionality factors between the families y,, ¥, and their dual ones are

ag = ag ~ ay
- Dkn = =, and ‘Dk = =, (16)
respectively. Here aj and aj are the leading coefficients of the corresponding dual polynomials zx(£(t))
and Z,(£(t)), i.e., the coefficient of [t(t + 1)]* and [t(¢ + 1)]¥, respectively. These coefficients and other
needed characteristics of the classical polynomials can be found in [7, 8].

Comparing the orthogonality relations for the starting polynomials y,(x(s)) and their dual ones, we

conclude that the coefficient Dy, can be obtained by the formula

2 _ p(s)d;
T p(t)d2

where p(s) and p/(t) are the weight functions for the polynomials y,(x(s)) and zx(£(t)), respectively, and
d? and (dj},)?, the corresponding norms.

The last formula can be used for computing the corresponding characteristics of the dual family
especially if we combine it with formulas (9) and (16). Notice that for using formula (14) we need the
values of the polynomial y,(z(s)) at the end of the interval of orthogonality (a,b). These values can be
obtained in a straightforward way by using the Rodrigues formula for the polynomials y,(z(s)) [7,8].

The structure of the paper is as follows.

In Secs. 2 and 3 we discuss the dual properties of Hahn and Racah polynomials. In Secs. 4 and
5 similar problems are considered for the Hahn and Racah g-polynomials. Finally, Sec. 6 is devoted
to the Clebsch-Gordan and Racah coefficients for the algebras su(2) and Uy(su(2)) for which various
expressions in terms of Hahn and Racah polynomials and ¢-polynomials are obtained. In Sec. 7 final
remarks are presented.

Dk”: D;W'L:

R
Akn

(17)

2. Dual Properties of the Hahn Polynomials

The dual Hahn polynomials were studied in several papers (see [18] and references therein) and, in
particular, in [8]. Here we will complete this study applying the results discussed above.
The Hahn polynomials are defined by the expression (see [8], [Eq. (2.7.19), p. 52])

(1—N)n(ﬁ—|—1)n3F2< —z,a+B+n+1,-n 1>’ (18)

Wy (z,N) =
1-N,B+1
Q. (19)

n!

and the alternative Hahn polynomials are (see [8], p. 53)

(1-—N),(1-—3-N), F ( —z,—2N —a—fF+n+1,-n
o2 1-N,1—8—N

Their main characteristics can be found in [8] (Tables 2.1 and 2.2, pp. 42-43).
The dual Hanh polynomials are defined by

BB (x, N) =

n!

wé (z(s),a,b) =

(a—b+1)p(a+c+1), F (a—s,s+a—i—1,—n
e a—b+1l,a+c+1

0. (20)

n!

Notice that they are polynomials of degree n on the lattice x(s) = s(s+1) (i.e., a quadratic lattice) with
the leading coefficient a,, = (n!)~!. Their main characteristics are given in [8] (Table 3.7, p. 109).
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2.1. Polynomials of Degree k£ = s Dual to the Classical Hahn Polynomials

The Hahn polynomials h$” (s, N) are orthogonal in the finite interval (a,b) = (0, N). They satisfy
the difference equation (1), where

A(s)=o(s)+7(s)=(N—s—1)(s++1), C(s)=o0c(s)=s(N+a-—s),
M=n(a+f+n+1)=tt+1)—(a+B)(a+B+2)/4 with ¢=[(a+8)/2+n

Since for the Hahn polynomials we have

I(N)T'(n+08+1)
n+ 1IN —n)I'(B+1)

B0.N) = (1"

and

(N—s—i)(s+B+1i)  T(N-sI(B+1)

d 1 I'(N —a)l(s+3+1
1:[1 ( )T( )

% T(N = k)T'(n + 8 + 1)

T(n+ DI(N —n)T(k+B8+1)"

Ak — (_1)k+n

In this case, the dual to hﬁ’g (s, N) polynomial of degree k = s is the classical dual Hahn polynomial
defined by (20)

wi(t) := wi(t,a,b), where a= O[T—i_ﬁ, b=N+ a—;—ﬂ) c= ﬂ;a' (21)
The leading coefficient of the polynomials wg(t) (i.e., the coefficient of the power [t(t + 1)]¥) is equal to
(k")~1. In this case, the proportionality coefficient between the Hahn polynomials h%ﬁ (s, N) and the dual
ones wj(t) is
Dy, = Gk _ (_1>k+nf(n + 1IN —n)T'(k+ 5+ 1) .
Akn Lk+ 1IN -k (n+8+1)

Then, we have the following connection formula:

ik D+ DOV =)Dk + B +1)
R DTN R g+ ), (22)

wli(t a, b) - (_1)
where k = s, t = [(a + 3)/2] + n, and a,b, and ¢ are given by (21).
2.2. Polynomials of Degree k = N — s — 1 Dual to the Classical Hahn Polynomials

Next, taking into account that

F(N)I'(n+a+1)
IF'(n+ 1IN —n)I'(a+1)

h2P(N —1,N) =

and

Nﬁl 1 T(s+ 1)I(a+1)

L (s+iI(N+a—-s—i) T(N+a—sI(N)’

1=
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we obtain

() NN —-KkIl(n+a+1)
kn Cn+ 1IN —-nT(k+a+1)

In this case, the polynomials of degree k = N — s — 1, dual to hf{ﬁ (s, N), are given by the formula

o a—l—ﬁ’ b:N+a+6, C,:a—ﬁ.
2 2 2

w§ (t) := wf (t,a,b), where a= (23)

Furthermore, the coefficient ay, of [t(t + 1)]¥ is equal to (k!)~' and the proportionality coefficient is given

by
ag LL(n+ 1IN —n)'(k+a+1)

/T;C = (=1) Fk+ 1IN -KT(n+a+1)"

Therefore, the following connection formula holds:

Nes_ 1 T(n+ DI'(N —n)I'(E+a+1)
Mk+ 1IN — k)T (n+a+1)

where k=N —s—1,t=[(a+()/2] +n, and a, b, and c are given by (23).

A
Dkn_

w§ (t,a,b) = (—1) heB(s,N), (24)

2.3. Polynomials of Degree k£ = s Dual to the Alternative Hahn Polynomials

The alternative Hahn polynomials 7% (s, N) are orthogonal in the finite interval (a,b) = (0, N). They
satisfy the difference equation (1) with

A(s)=0c(s)+7(s) =(N—-s—1)(N+p—-s—-1), C(s)=0(s) =s(s+a),
An:n(2N+a+ﬁ—n—1):_’{(’{+1)+(N+#—1) (N +a+ ),

where t = N + [(a + 3)/2] — n — 1. Since

Ta . F(N)F(N—Fﬂ)

heB(0,N) = T DTN — )TN 75 =7
and

- 1 _ D(N)I(N+p)

s+is+ati) T+DT(s+a+1)’
we find

i - (N —s)I'(N+ 6 —s)
M T+ DIN —n) (N + B8 —n)

The corresponding dual polynomials to %f{ﬁ (s, N) of degree k = s are then given by

w,ﬁl(’ﬂ::w,(ga’ﬂ)(%v,a,b), with a:#, b:N—I—a;ﬂ, c’:a_ﬂ, (25)

where w,f/,l (t) denotes the same family as before but with different parameters and variable. Thus the
leading coefficient is a, = (k!)~!. In this case, the proportionality coefficient reads
ap,  T'(n+1)I'(N —n)I'(N+5—n)

Dien = A, TE+UOIN—s)I(N+3—s)
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Therefore, the connection between the two families is as follows:

L(n+1)I'(N —n)['(N + 8 —n)

I(s+ 1)I(N — s)I'(N + 8 — s) h (s, ), (26)

wf, (£, a,b) =

where k =s,t = N+ [(a+()/2] —n —1, and a, b, and ¢ are given by (25).

2.4. Polynomials of Degree £k = N — s — 1 Dual to the Alternative Hahn Polynomials

In this case, using

T(N)T(N + a)

RPN —1,N) = (—1)"F<n +O)I(N —n)I(N + o —n)

and
Nt CT(s+ D)T(s+a+1)

- 1
1131 (s+i)(s+a+i)  T(N+al(N)

we obtain
A

_ 1y Ms+1)I'(s+a+1)
kn = I'n+1HI'(N —n)I'(N +a—n)

Therefore, the polynomials of degree k = N — s — 1, dual to E%ﬁ (s,N), are the dual Hahn polynomials
w(t)

WD) = 0P a) where a= 10 ponyotS o P

2 2 0 T2
with leading coefficient @}, = (k!)~! = [(N — s — 1)!]~!. The proportionality coefficient reads

(27)

- )nF(n + DI'(N —n)I'(N + « —n)
Al N L(s+ 1IN —s)I(s+a+1)

-~
N G

kn —

Therefore, they are related to the alternative Hahn polynomials by the formula

F'n+ 1)I'(N —=n)I'(N +a —n)
D(s+ 1IN —s)I'(s+a+1)

wi(t,a,b) = (=1)" (s, ), (28)

where k=5, t = N+ [(a+()/2] —n—1, and a, b, and ¢ are given by (27).

2.5. Connection between the Two Hahn Families h%*(s, N) and ﬁgﬁ(s, N)

Comparing (22) and (26) we see that the left-hand side of (26) transforms into the left-hand side of
(22), if one changes n — N —n —1 (i.e., t — t) and ¢ — ¢ (i.e.,, & <> (3). Then we obtain

F'n+a+1)I'(n+ 0+ Dﬁﬂa
I(s+ B+ 1IN +a—s) V-l

hot(s,N) = (=1)"* (s, N). (29)

The same formula is obtained if we use Egs. (24) and (28).
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Finally, comparing formulas (22) and (24), we obtain

Nin LT (N+a—-s)I'(n+pB+1) .
TG+ 3+ )Mt at1 e

and taking into account the values for the parameters [see (21) and (23)]

w]c\lf—s—l (t7 a, b) = (_1)

a=a-—c, B=a+c, n=t—a, N=b—a,

we arrive at the identity
Fb—c—s)I'(t+c+1)

(—e) _ (_1\b—t-1
wy 51 (t,a,0) = (1) IF's+a+c+1)I'(t—c+1)

wi(t,a,b).

3. Dual Properties of the Racah Polynomials

The Racah polynomials were studied in several papers (see [18] and references therein) and, in par-
ticular, in [8]. Here we will study their dual properties. They are defined by [8]

a—b+1),(B+1)(a+b+a+1),

0 (s, a,5) = ,
.

i —n,a+pB+n+1la—s,a+s+1 '1 (30)
e a—b+1,84+1,a+b+a+1
and satisfy the difference equation (1), where
o(s)=(s—a)(s+b)(s+a—pB)b+a—s), (31)
31
o(s)+71(s)Azx(s—1/2) =0(—s—1)=(s+a+1)(b—s—1)(s—a+ 0+ 1)(b+a+s+1).
The alternative Racah polynomials are defined by [8]
ﬁg’ﬁ(s,a, b — (a—b+1),2a—B+1)pla—b—a+1),
n!
“n, 20— 2b— - 1, a— 1
< uFs n,2a—2b—a—-B+n+1, a—s, a+s+ ‘1 (32)
a—b+1 2a—0+1, a-b—a+1
and satisfy the difference equation (1), where
o(s) = (s—a)(s+b)(s—a+p)(b+a+s),
o(s) +71(s)Azx(s—1/2) = o(—s—1) (33)

= (st+a+1)b—s—1)(s+a—pF+1)b+a—s—1).
They are both polynomials of degree n on the lattice z(s) = s(s + 1) with leading coefficients

[(a+ B +2n+1) (=1)"T(2b—2a+ a+ 3 —n)

== d a ==
i na+B+n+1) ane tn nT'(2b —2a+ a+ 3 —2n) ’

respectively. Notice also that Az(s 4+ m) = 2s + 2m.
The main characteristics of the Racah polynomials ul? (s,a,b) are given in [8] (Table 3.6, p. 108).
The main characteristics of the alternative Racah polynomials can be obtained changing o« — —2b—«

and 8 — 2a — 3.
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3.1. Polynomials of Degree k = s — a Dual to the Racah Polynomials

Let us construct the polynomials of degree s—a dual with respect to the Racah polynomials us? (s,a,b).
From (13) follows that the new variable is ¢t = [(a+ [3)/2] +n and then the new interval of orthogonality
is (a/, V'), where o' = (a+ 3)/2 and ¥ =b—a+ (a+ 3)/2. But a priori it is not clear what the values
of the new parameters o/ and (3 are, nor what kind of polynomials the corresponding dual ones will be.
Combining the two methods discussed in the first section, one concludes that in this case the dual family
is (k= s—a)

aﬁ/(ta V') with a,:a—;—ﬁ7 b/:b—a-i-a;ﬂ, o =206, B =5, (34)

where u:/ﬁ,(t,a’,b’) are the Racah polynomials (30). Iterating (11) for the polynomials wu,(s) =
u%P (s, a,b) we obtain

S—a 1
U (s) = [t(t + 1)]Fun(a) AGD 4o

B (—1)S’a+”I‘(b—s)F(B+n+1) (b+a+a+n+1)I(2s+1)
= T aT DT —a+ 85 DTG ratst DN+ OFG —a—m DI

Comparing this relation with the leading coefficient of the polynomial uzlﬁ / (t,a’,b') [see, e.g., [8] (Ta-
ble 3.6, p. 108)]

D/ +08 +2k+1) [(2s+1)
Lk+1)(o/+p +k+1) T(s—a+DI(s+a+1)’

ag =
we obtain (k= s —a)

Fb—a—n)l'(s—a+pf+DI'b+a+s+1)I'(n+1) .4
T(s—a+ 1 )T(b—sTn+8+)Ib+atatnt+l) ™

ud Pt al ) = (—1)5oHn (s,a,b),  (35)

where the parameters are given by (34).

3.2. Polynomials of Degree k = b — s — 1 Dual to the Racah Polynomials

In this case, the dual set is given by aj, 8 (t,a’, V), where u,, are the alternative polynomials (32) with
the parameters defined as in the previous section, i.e.,

t:a;ﬁ—kn, a’:a;—ﬁ, b’:b—a+a;ﬁ, o =2a—8, B =5 (36)
In this case, we have
b—s—1

l: k;ozﬁ _1
o = (=1 %0 ab]zl SH

Using
I'b—a)l'(a+n+1)Ib+a—p)

up’(0—1,0,6) = T(n+ DI(b—a—nT(a+1)T(b+ta—HB—n)’
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along with (2) and (31), we obtain

o (—1yh Ms—a+1DI(s+b+ 1) (s+a—F+ 1) (a+n+1)
e T(2s+2)0(b+a—s)T(n+ DI(b—a—nI(b+a—pB—n)

Now taking into account that the leading coefficient for the polynomial uz/ﬁ , (t,a',b)

L2y —2d +a' + 3 —k)

ol = (—1)F r'b+s+1)
ko D(k+ 12V —2d/ + o' + (3 — 2k)

=) T(b—s)(25+2)

with 20 —2d’ + o' + ' — k= b+ s+ 1, we obtain for the proportionality coefficient the value

Fro+a—-s)'n+1H'b—a—n)I'(b+a — B —n)
I's—a+1)I'(b—s)(s+a—-B+1)I'(n+a+1)’

/
Dkn:

ie, (k=b—s—1)

F(b +a— S)F(n + 1)F(b —a— n)r(b +a—-pF- n) uo‘ﬁ(s, a, b), (37)

’Valﬁl / /
t,a',b) =
uy, - (80, b) I'(s—a+1)I(b—s)(s+a-B+1)'(n+a+1) "

where the parameters are given by (36).

3.3. Polynomials of Degree k = s — a Dual to the Alternative Racah Polynomials

Now we find the polynomials of degree s — a dual to the alternative Racah polynomials ﬂ%ﬁ (s,a,b).
In this case, the dual family is u), A (t,a’,V'), where
a+p , a+p a+ 3

t=b—a—1—-n+ 5 =g bV=b—a+ 5 o =208, B =p (38)

Notice that

M=n2b—2a+a+B-n—-1)=—t{t+1) - <b—a—|—a;—ﬂ—1> <b—a+

a—i—ﬁ)
5 .

Then, the coefficient of [t(t + 1)]* for the polynomial ﬂ%’g(s, a,b) reads

25+ 1+ 20)(2s + 2 — 21)
o(—s—1—1)

gkn = agﬁ(aa a, b) H (
=1

Using (2), (33), and

I'b—a)l'Qa—pF+n+1I'(b—a+a)

yop _
i (a, 0,0) = Fn+1)I'b—a—n)T2a—B+1)I'(b—a+a—n)’

we obtain
F2s+1)I'b—s)I'b+a—9s)'2a—B+n+1)

Akn = Is+a+1)l'(s+a—B+)I'(n+1)I'b—a—n)T(b—a+a—n)
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Combining this with the value of the leading coefficient [see [8] (Table 3.6)]

- T+p+2k+1) [(2s+1)
Tk +F +k+1) T(s—atDl(statl)’
we finally obtain
B ag MNs+a—-pF+1)I'(n+1)I'b—a—n)T'(b—a+a—n)
nk = = = )

A MNs—a+1)I'b—s)I'(b+a—s)'(2a—F+n+1)
ie, (k=s—a)

o8 o Ls+ta—B+D)In+DIb—a-n)(b—a+a—n) .3
e aY) =  T (b — s b+ a—s)T2a—F4nsD) o @D (39

where the set of parameters is given by (38).

3.4. Polynomials of Degree £k = b — s — 1 Dual to the Alternative Racah Polynomials

In this case, the dual polynomials are ﬂgﬁ/_ S_l(%v, a’,b’) and the set of parameters is the same as in

the previous case (38). Since

D(b— a)L'(2b+ a)L(b—a + )
Fn+1)I'b—a—n)T2b+a—n)'b—a+B—n)’

@B(b—1,a,b) = (1)

using (2) and (33), and then (15), we arrive at

T - LE—at D +b DP(s—at B+ 1T(bFats+1)
kn Fn+1)I'b—a—n)T20+a—n)T(b—a+B—n)(2s+2)"

8

Combining the above formula with the value of the leading coefficient for the u,” polynomials

L2y —2d+d +p5 —k)
E+ 102 4+ 2d + o + 3 — 2k)

I'b+s+1)
(b—s)'(2s+2)’

ap = (_1)k1-\(

— (_1)b—s—1 -

we obtain
beseno1 L(n+DIb—a—n)T'(b—a+8—-—n)T'(2b+a—n)
I's—a+1)I'b—s)(s—a+pf+1)Ib+a+s+1)’

Dj, = (-1)
ie, (k=b—s—1)

pos—n-1 L+ DIb—a—n)'(b-—a+B-—n)l'(2b+a—-n) _,3

~aol B
t,a' ') = (-1
w7 (tab) = (=1) F(s—a+1)T(b—s)F(s—a+ﬁ+1)F(b+a+s+1)u”

(s,a,b), (40)

where t=b—a—1—n+(a+0)/2, d =(a+3)/2, ¥ =b—a+(a+)/2, o/ =2a— 3, and § = 3.
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3.5. Connection between the Two Families of Racah Polynomials u®’(s,a,b) and
(s, a,b)

If we change n —b—a—n—1and t— tin (39), it becomes

Fs+a—pF+1)T(n+1)I(b—a—n)T(a+n+1)

T(s—at UIb—s)T(b+a—s(b+a—F—n) ban-1l5a0).

uo‘/ﬁl(t,a’,b’) =

Ss—a

Comparing this with (35), we derive

MNs—a+pf+1)I'b+a—s)I'b+a+s+1)I'(b+a—F—n) 08

I(s+a—p+D(a+n+)I(n+B+DIb+a+at+n+1) " (s,a,b).

(41)

ﬂ?fafnfl(sv a, b) = (_1)s—a+n

The same formula is obtained when we use (37) and (40).

4. The g-Hahn Polynomials

4.1. The ¢g-Hahn Polynomials h®%(z(s), N),

In this section, we will consider the ¢g-Hahn polynomials defined by the basic series [7,13,21]

(=)@ ¢V ) o ( g, g%, Fntet Bt 2(5Na+1)>

a,B — .

(q2ﬂ+2; q2)n(q2(N+a+,8+1); q2)n » qun7 q2s+25+27 q2(n+a+ﬂ+1) . q2 q2
_ 2 ’ ) .
qn(2,3+n+1)(q —q l)n(q2; qz)n q25+2, q2(N+a+,6+1)

2s

Notice that they are polynomials of degree n on the lattice z(s) = ¢**. Furthermore, they satisfy the

difference equation (1) or (4) on the lattice z(s) = ¢** with

A(S) _ q2a+6+N+1_2S[N*S* 1]q[ﬂ+5+ 1][1’
C(s) = ¢* TNV T1=25] [a + N — s,
An = P2 n+ o+ B+ 1], (42)
_ _a+f+2 Ol—l-ﬂ a+ﬁ o Oé—l-ﬁ a"i'ﬁ
el (o) (et ) - (557), (57,

Here and in the following, we will denote by [n] the symmetric g-number

" —q"
] = —~————, and [n]'!=[n][n—1]---[1], neN
q—4q
In general, we will use the following notation by Nikiforov and Uvarov (see Eq. (3.2.24) in [8]):
The fq function constitutes the g-analog of the I' function and is related to the classical ¢-Gamma
function I'; by the formula

N (% ¢%) oo

Fq(S) _ q—(s—l)(s—2)/2Fq2 (S) _ q—(s—l)(s—Z)/Z(l _ q2)1_8W7 0<gqg<l.
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For simplicity, we will also use the symbol

[zl :=Ty(z + 1), z € R.

In the following, we will use the simpler notation [z] := [z], except where indicated.
All the characteristics of the ¢-Hahn polynomials can be found in Table 1.
Using the Rodrigues formula for the g-polynomials (3), we obtain the following explicit formula:

B (a(s), N, q) = (—1)rgnizetsen+nnya Lol = o)lg(s 4 1)
N Ly(a+ N = s)Tg(B+s+1)

% (_Umq—m(a-‘rﬁ-‘rn—‘rl) FQ(O‘+N:S+m)FQ(ﬁj’S+n_m+1) ’
m]![n —m]!Ty(s —m+ 1)I'y(N —s —n+m)

m=0

n

from which the following formulas follow (see also the hypergeometric representation):

B (o SN = (_1\n IN=1Tg(B+n+1)  assinimns)2]
e O 0 = () )T 8+ DN —n— 1" ’ (4

B (1(N — S [N — 1]ITy(a +n+1) n[a+N—(n+1)/2]
N =), i) [n]'Tg(a+ 1[N —n —1]! ' )

These polynomials transform into the Hahn polynomials (18) at ¢ — 1.

4.2. The Alternative ¢-Hahn Polynomials iigﬂ (x(s), N)q
The alternative g-Hahn polynomials are defined by

(=D)"(a M2+ (@1 ¢%)n
(g —q1)"(a* ¢*)n

—on 25  2(n—a—B-2N+1
v q n’q Saq (n—a—4 +) .2 2(sta+l)
3 ¥2 g—2B—2N+2_ 22N 44

q

Egﬁ(sv N)q =

_ (q—2ﬂ—2N+2;q2)n(q2(—N—a—B+1) q2)n

)

RN (g = g T (¢ ),

—2n 2s—2N-23+2 _2(n—a—(B—2N+1)
> q ,q s q 9 9
3 ¥2 q—2N—2/j+2 q2(_N_a_g+1) 34,4 .

Notice that they are polynomials of degree n on the lattice x(s) = ¢®* and satisfy the difference equation
(1) or (4) on z(s) with
Ag=q 2N 2082254 UN _ g [N+ 3 —s—1],
Cs =g~ s][s + a],
A= q NP2 2N +a+ B —n — 1]
= q NPT 1+ N + [(a+ 8)/2] = BN + (a+5)/2),
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TABLE 1. The Main Data of the ¢-Hahn Polynomials h%” (x(s), N)g.

hi(2(0), Niq),  a(s) = ¢
() oo+ 2N+25-3) 21 +B(5+25-1)/2 Nq(a:r N - 3)@1(5 +s+1)
Ly(N —s)ly(s +1)
o (s) q*tN*2 (g — g7 1)?[s][a + N — 5]
7(s) (¢ —q g2 {¢*N[B + 1[N — 1] - ¢°[s][ + 5 + 2]}
¢(S) (q_q71)2q2a+b+N+23+2[N_8_1][I3+3+1]
An P2 n)[n + a4+ g+ 1]
= ¢*P2([n+ (a+ B)/2n + (a+ B)/2+1] — [(a + 8)/2][(a + 8)/2 + 1))
n 1
P Y i@t gD
pn(S) qs(a+ﬂ+2n)+n(2a+B+N+n+1)+[a(a+2N—3) B(B-1)]/2
><(q—q 1)2nF (a+N—S) (/8+3+n+1)
r q(s + )F (N —s—mn)
" ¢ OtPEID (o + B+ 2n + 1)
' (4=~ Ty(n+ DTyl + G +n+1)
2 (G—q I)I‘(n—i-l)l“ (a+n+1) (ﬁ+n+1) ga+B+N+n+1)
" T,(n+ 1T (N —n)T q(a+ﬁ+n+1)[a+ﬁ+2n+1]
Xq{a[(a+2N 3)+6(6-1)]/2}Hn(3a+B+2N)+(5+1)(N-1)
N [n+1fa+B+n+1)(g—q ")
" [a + B+ 2n + 1][a + 8 + 2n + 2]gotF+H]
qf(a+ﬁ+2)
bn [+ B+ 2n][a+ 4 2n + 2]
x(?FNFYN —n][n]ja+ B+ 2n+2] — [N —n — 1][n + 1][a + B + 2n])
+q* PN (o + B+ N +n+1]n+ 1)ja+ 8+ 2n] — [+ B+ N + nl[n][a + 8 + 2n + 2]))
—1y 2aten—1l@+n][B+n]la + B+ N +n][N —n]
T (¢ — g Hg*rN! o+ 5 2nlio 4 342N + 1]
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where £ = N + [(a + 8)/2] — n — 1. Their main characteristics are given in Table 2.
From the Rodrigues formula follows that

138 (x(s), N, q) = ¢ 2NF2046—(n+ /AT (N — §)Ty(s + 1)Ty(e + s + DTN + 8 — s)
n (_1)mqm(2N+2a+,3—n—l)

Xnpﬁmmn—mm&ﬂﬂfﬂa+s—m+1ﬁAN—n—s+mﬁ4N+ﬁ—n—s+my

So, for s =0 and s = N — 1 we find, respectively,

[N — 1]ITy(N + 8)
[n)I[N —n —1]IT,(N + 8 —n)

B (2(0), N g) = g BN 202 (46)
and

TaBb T _ . — (_1\n,—nlat+(n+1)/2] [N_ 1]'fq(N—|-Oé)
i (N = 1), Nig) = (=1)" N —n— TN +a—n) 47)

These polynomials transform into the alternative Hahn polynomials (19) at ¢ — 1.

4.3. The ¢-Dual Hahn Polynomials
The g-dual Hahn polynomials W(x(s),a,b), are defined by the basic series [14,15]

n

(_1)n(q2(afb+1); q2)n(q2(a+c+1) q2)

. B )
Wn (x(s)v a, b)q - qn(3a7b+c+1+n) %gl(q2; q2)n

q72n’ q2a72s’ q2a+23+2 5 o
X 3902 q,4 )

G2a=b+1) 2atet)
and they are polynomials of degree n on the g-quadratic lattice x(s) = [s][s + 1], where a < s < b — 1,
with the leading coefficient

1
_ —3n(n-1)/2 ~
an = q ]l (48)
All their characteristics can be found in Table 3.
These polynomials transform into the dual Hahn polynomials (20) at ¢ — 1. The main data of the
polynomials can be found in [14].

4.4. Polynomials of Degree k£ = s Dual to the ¢-Hahn Polynomials

Following the results for the classical case (non “q”), one can expect that the polynomials of degree

k = s dual to the ¢-Hahn polynomials h%ﬁ(x(s), 0, N;q) are the polynomials W((t,a,b'), with

t:n+a+ﬁ, a:a—i_ﬁ, b:N+a+ﬂ, and c:ﬁ_a.
2 2 2 2
q—2n -1
Nevertheless, since for the g-dual Hahn polynomials )\, = ¢ ""![n] = g the corresponding
2

polynomials hﬁﬁ(m(s), N, q) should be defined in the lattice x(s) = ¢~2°; therefore, the right choice will
be W{(t, a,b)

q—l.

35



Journal of Russian Laser Research Volume 28, Number 21, 2007

TABLE 2. The Main Data of the Alternative ¢-Hahn Polynomials E%ﬁ(aj(s), N),

h?(2(0), Niq),  a(s) = q*
5 g~ *CN+atB)—[(N+a)(N—a=3)/2+(N+8)(N+6+1)/2
p(s = = = =~
Ly(s +1)lg(a+ s+ 1N = s)Ig(N 4§ — 5)
o(s) ¢ [s][s +allg —q7')?
7(s) (¢ =g @ P2YIN =[N + 8 = 1] = ¢*T*[2N + o + 3 - 2|[s]}
o(s) (¢ —gq 1)2q N2 A2 N — s 1[N+ — s — 1]
. g AN B2 [p]2N + o+ B —n — 1]
1
B,
[n]lg"(q — g~ )"
( ) (q o q—l)an—[(N—i—a)(N—a—?))/?}+[(N+6)(N-‘rﬁ-‘rl)/Q]—s(2N+a+ﬁ—2N)—n(2N+2a+ﬁ—n—1)
pn(s = = = =
Lg(s + Dlg(a+ s+ 1IN — s)L(N + 3 — s)
(pyp @ETHTIT,EN tat B n)
an, — = —
(q—q)rTy(n+ 1Ty (2N + o+ 5 — 2n)
2 (q—q_l)fq(2N+a+ﬁ—n)
" 2N +a+ 8 —2n—1Ty(n+ D)y(N + a — n)Ty(N + 8 — n)
g~ [(N+) (N+a=3)/2+{(N+)(N+5+1) /2] —n(2N+3a-+5)—(N—1) (N+5-1)
X = =
[y(N+a+5—n)'y(N—n)
(g=g HPFN TP n 412N +a + B —n — 1]
fn 2N ta+t8-2n-12N+a+f—2n—2
2N+a+6—2
ﬁ q
" 2N +a+ 8 —2n—2]2N + a + 3 — 2n)]
X (g N2 (N —n —1[n+ 12N +a + § - 2n))
+qg N B+ (N +a+p—n—1)n+1]2N +a+ (- 2n]
—IN+a+8-n]n]2N +a+ 3 —2n—2]))
~ (g — g \)g2N+atp-1 [N +a—n][N + 8 —n][N —n]
" 2N +a+ 8 —2n—1][2N 4+ a + 5 — 2n]
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TABLE 3. The Main Data of the g-Dual Hahn Polynomials

Pn(s) Wi(x(s), a,b)q,  x(s) = [s]gls + 1]q
(a,b) [a,b— 1]
o(s) g SEtID[s 4 a + 1]f [s+c+ 1]

Fq[s—a—i—l]f‘ [s —c+ 1T [s+b+] qlb — ]
—3<a<b-1, |c/<a+1

o(s) ¢ 25 —a],[s + blyls — g
7(s) —a(s) + ¢* "M a + 1y [b — ¢ — 1y + ¢ bly[eg
An q_(n_l) [n]q
. g
! [nq!
2 (e ab=betarte—bi1+2n(ate—b)—n?+5n Lyla+c+n+1],

[n]qfq[b —Cc— n]qfq[b —a—njg

qfs(s+1+n)f(n2/2)+n(a+cfb+3/2) T

pnls) [8+a+n+1]1~“ [s+c+n+1]
" Ty[s —a+1Ty[s — ¢+ 1Ty[s + b+ 1Ty[b — s — 1]

. q—Sn(n—l)/Q

[n]q!
Qn q3n[n+ 1
5 P —a—n+1)fatc+n+1],
+q2n+2a+c_b+l [n]qlb— ¢ —nlq + [algla +1]q
Yn g H3t2etab) n+a+clylb—a—nlylb—c—nl,

Then, in view of the same ideas as before (see the previous sections), from (43) and (42) we obtain

_ (_1)sqs(a+ﬂ+2) EQ(N : S)Fq(ﬁ + 1) —s(2a+B+N+1)+s(s+1) .
o Al =D To(N)Tg(B+5+1)

thus

A — ( 1)s+n fq(NN_ S)fq(ﬂj n+ 1)
N Ty(n+ 1DTy(N = n)Tg(B+ s + 1)

n(2a+B+N)+n(n+1)/2q—s(N+a—s) )

Taking into account the value of the leading coefficient of the ¢g-dual Hahn, we have as = % and,
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therefore,

D = (=1)**" Ly(n+ DN —n)Ty(B+s+1) 2ot G+ N+t 1)/2] s[N+at(s-3)/2)
S

Fy(N = $)Ty(s + DT,(B +n+1)
ie.,
W}S:s(tq a, b)q*1 — (_1)s+nzq(n + 1>FE(N — n)fq(ﬂ + s+ 1)
Lg(N = s)Tq(s + DB +n+1)
qun[2a+B+N+(n+1)/2]qS(N+OL+(S*3)/2] h%ﬁ(s, N, Q) 7 (49)
where
B a+f _a+p B a+f -«
t—n+2, a—2, b—N+2, 0—2.

Another way of obtaining the above result is to use the relation

p()A(a(s — 1/2))d?
p(OAE(E - 1/2))d2

2 _
Dsn_

equivalent to (17), where p(s) and d? are the weight function and the norm, respectively, of the g-Hahn
polynomials hS” (s, N,q) and p(t); and d? are the ones of the g-dual Hahn polynomials WZ(t, a, b)
Straightforward computation leads to the same formula (49).

q—l.

4.5. Polynomials of Degree k = N — s — 1 Dual to the g-Hahn Polynomials

This case is quite similar to the previous one. We use (44) and (42), which leads to

f o (Cp)Nsl qn(N*“‘(”j”/Q}q(N:""”(ﬂ*S“N)fq(s + DT (n+a+1) |
Ly(n+1)Ty(N —n)Ly(N + a —s)

g~ 3k(k=1)/2

AT and we obtain

Since, in this case, a; =

D;cn — (_1)N—s—1q—n(N+a—(n—1)/2]q—(N—s—l){[(3N+s)/2]+B—2}

Xiq(”*‘ l)iq(N_n)fq(N"‘a - 5)

Fg(s + 1)Iy(N — s)I'y(n+a+1)

and, therefore,

Nos 1 Dg(n+1Ty(N —n)Ty(N + a — s)

(a=p)/2 q
Wy DR, = (—)V = ~
Mo Ty(s + DT4(N — 8)ly(n+a+1)
Xqfn[NJraf(nJrl)/Q]qf(Nfsfl){[(3N+s)/2}+/5*2}hzﬁ(& N, q). (50)
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4.6. Polynomials of Degree k = s Dual to the Alternative ¢-Hahn Polynomials
In this case, following the same procedure as before and using (45), (46), and (48), we find

i Ly(N = s)Iy(N + 8 —s) PN+ 2aH B (n+1)/2] s(sHa)

Ty(n+1)Cy(N —n)Ty(N + 3 —n)

Doy = iiq(” + 1)fg(N - n)fq(N +8—n) §RN+20+B—(n41)/2] —sla—(s=3)/2]
Ty(N —8)Ty(s + DTy(N + 3 — s) ’

and, therefore,

oy ol UEY 4 )
Ty(N — 8)Tg(s + DT4(N + 3 — 5)
Xqn(2N+2a+ﬁ_(n+1)/2]q_s[o‘_(s_g)/m/flgﬁ(sa Nv Q)v

where £ = N + [(a + (8)/2] — n — 1.

4.7. Polynomials of Degree £k = N —s—1 Dual to the Alternative ¢-Hahn Polynomials
Finally, for this case using (45), (47), and (48) we find
- q—n[a+(n+1)/2]q(N—s—l)(N+ﬂ—s—1)fq(S+ 1)fq(5+a+ 1)

k= (=" Ty(n+ DTN = n)Ty(N + 8 - n) |

D, = (*1)"qn[aﬂnﬂ)/z}q_(N_S_l){[(N_S)/Z]_ﬁ_Z}fq(” + 1)fq(N - ”)fq(N +a—n)
o Ty(s + DTN — $)Ty(s + a + 1)

and

(-a)/27 _ (_qynla(m T DLV = m)Ty(N +a—n)
Wy—sm1 (g = (71) fq(s + 1)fq(N - s)fq(s +a+1) (52)

)(qn[a+(n+1)/2]q_(N_S_l){[(N_S)/Q]_ﬂ_2}ﬁgﬁ(8, N’ q)7

where t = N + [(a + 3)/2] —n — 1.

4.8. Connection between ¢-Hanh Polynomials

Making the change t = N + [(a + 3)/2] —n —1 — t = [(a + 8)/2] + n and —c — ¢ (or equivalently,
n— N—-n—1and a,08— (,a) in (51) one obtains
Ws(ﬁia)/z(/{’ a, b)q,1 _ Eq(n + 1)1—:g(N — n)NFq(Oz +n+ 1)
By (N = 5)Ty(s + DEg(N +a—5) (53)

« g DUBN+m) 2 kat28) g —s[3-(=3)/2Aj00 (5 N, g)).

If we compare the above expression with (49), we find

heB(s, N q) = (—1) g oA+ IN=DIBN/2)+a+20]-s(N+a+F)

% Eq(n + o+ 1)T;q(n + B + 1) E’?Va_n_l(s, N7 q) ' (54)
Ty(N+a—s)T,(B+s+1)
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The last formula can be rewritten in the following way:

p(s)d2  ~pa
h%ﬁ(s,N; q) = (—1)5t" % h]ﬂv_n_l(s,N; q), (55)
p(s)d?\f—n—l

where p(s) and d? are the weight function and the norm of the polynomials ho? (s,N;q), and p(s) and
d%\ffnfl are the weight function and the norm of the polynomials h]’i,oinfl(s, N;q).

Now using (49) and (50) we find

N-n—1 fq(n + o+ 1)fq(ﬂ +s541)
T, (N+a—s)(3+n+1) (56)

—n(a+B+n+1)—s(N—a+B—s—1)+(N—-1)[(3N/2+3-2] Wj(vo:f_){g (t,a, b)q '

Ws(ﬁ_a)/Q(tv a, b)q*1 = (_1)

X q

If we now substitute a =a—¢, 8=a+4+c¢, n=t—a,and N =b— a, we obtain

« q(b—a—1){[(3b—a)/2]+c—2}—s(b—a+2c—s—1)—(t—a)(t+a+l) ngis—l(t’ a, b)q )

5. The ¢g-Racah Polynomials

The g-Racah polynomials are defined by

q—n(2a+a+ﬁ+n+1)(q2(a—b+1); q2)n(q2ﬁ+2; q2)n(q2(a+b+a+1); Q)n
(¢ —a1)*(@* ¢*)n
q—2n7 q2(a+6+n+1)7 qQa—Zs7 q2(a+s+1) -
X 403 qa.,q9 |-

up?(2(s), a,b)g =
(58)

G2la=b+1) 2842 2(atbtadtl)

They are polynomials of degree n on the g-quadratic lattice z(s) = [s][s 4+ 1] with the leading coefficient

fq(a+ﬁ+2n+1)
)T+ B +n+1)

Ay —

A detailed study of this family was done in [16] (see also [13,17]). Their main characteristics are given
in Table 1 of [16].
The alternative g-Racah polynomials are defined by

q—n(4a—2b—a—ﬁ+n+1)(qQ(a—b-i-l); q2)n(q2(2a—ﬁ+1); q2)n(q2(a—b—o¢+1); (]2)
(¢ —q71)*"(¢% ¢*)n

g2, 220=2—a—B+ntl) 2a-2s 2(atstl) - (59)

) ) )

XA q2a=b+1) g2(2a—p+1) p2(a-b-a+l) ‘q 4]
) b

n

P (z(s), a,b)g =
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They are polynomials of degree n on the g-quadratic lattice z(s) = [s][s 4+ 1] with the leading coefficient

(—=1)"T4[2b — 2a + o + B — 1,
[n)g!T[2b — 2a + a + 8 — 2n],

Moreover [16],

T,(b—a)Ty(2a — B+ n+ 1)Ty(b—a+a)
[n)!Ty(b—a—n)Ty(2a — B+ 1)ly(b—a+a—n)
(=1)"T4(b — a)T4(2b + @)Ty(b — a + )
[n)ITy(b—a —n)Ty(2b+a —n)Ty(b—a+ B —n)

ap?(z(a), a,b)g =

(60)

P (x(b—1),a,b), =

A detailed study of this family was done in [16] and their main characteristics are given in Table 2 of [16].

Let us now study the duality properties of the ¢g-Racah polynomials. First of all, notice that all the
characteristics of these polynomials transform into the corresponding ones by replacing the g-numbers
[m] with the standard ones m and the ¢-Gamma functions fq(az), with the classical ones I'(x). Therefore,
it is reasonable to expect that all the results in Sec. 3 can be extended to this case just replacing the
standard numbers and functions by their symmetric g-analogs. We will show only the details for the first
case, since the other three are equivalent and we will include only the final result.

5.1. Polynomials of Degree k = s — a Dual to the g—Racah Polynomials

Let us consider in detail the first case.
Let us construct the polynomials of degree s — a dual with respect to the ¢-Racah polynomials

u%ﬁ (s,a,b)q. First of all, notice that for these polynomials

Ao = [l + o+ B+1] = (4t +1] = (0 + B)/2(e + B)/2] +1}),

where t = n+ (a+ 3)/2. Following the same ideas as for the non g-case, we see that the dual polynomials
af o _
to uy (s,a,b)q should be (k= s —a)

a+ 0
2 M

b’:b—a+a;ﬁ, o =2-8 §=4 (61)

uglﬁl(t, a',v'), where a’ =

Iterating (11) for the polynomials u,(s) = uﬁﬁ(s, a,b), we find

S—a 1
- k,ap .
un(s) = {[t][t + 1]} up"(a, a,b)q 11:[1 A=) +
(62)
()T (b s)T(B+n+ Db+ a+a+n+ 1)0(2s +1) (e
Tys+a+D)Ty(s—a+B+Dyb+a+s+D)Iy(n+ 1D)Ty(b—a—n)
Comparing this with the leading coefficient of the polynomial uglﬁ , (t,a',0)q
To(a/ + 3 +2k+1 T,(2s+1
o — (@' + 8" +2k+1) _ a2 +1) ’ (63)

ST (k+ Do/ + B +k+1) Tyls—a+1)Ty(s+a+1)
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we obtain (k= s —a)

g Ty(b—a—n)Ty(s — 1Ty (b T 1
u B (t,a’,b’)q:(—l)sf‘fr"ﬁ]( a n)~q(3 aj‘ﬁ"’ )Tq( ‘ta‘i‘s‘i‘ )Tq(n + )uf{ﬁ(s,a,b)q.
Fy(s —a+1)Ly(b—s)Ty(n+ B+ 1)y(b+a+a+n+1)

(64)

5.2. Polynomials of Degree k = b — s — 1 Dual to the g-Racah Polynomials

In this case, the dual set is given by ﬂzlﬁ , (t,a’, )4, where u, are the alternative polynomials with the
parameters defined as follows:
a+p , a+p a+ 3

J— /__ /: — I:
ot A=, V=b-at—=, o =20-5 f=4 (65)

t =

so, we have (k=b—s5—1)

T R e i R N ()
Fg(s—a+1)y(b—s)Ty(s+a—B+1)y(n+a+1)

where the parameters are given by (65).

5.3. Polynomials of Degree k = s — a Dual to the Alternative ¢-Racah Polynomials
In this case, the dual family is uglﬁ / (t,a',v),, where

?:b—a—l—n+a;ﬁ, a’:“";ﬁ, b’:b—a+a;ﬁ7 o =2a—5, B =4 (67)

The relation between the two families is (k = s — a)

- r —B+1)T DTy(b—a—n)Ty(b — -
La b, = e e m B Dl Wb —a—nllalb=ato =) ges oy (ag)
Fy(s —a+1)Iy(b—s)I'y(b+a—s)y(2a—B+n+1)

uglﬂl (
where the set of parameters is given by (67).

5.4. Polynomials of Degree k£ = b — s — 1 Dual to the Alternative Racah Polynomials

/

In this case, the dual polynomials are ﬁzle .1 (t,d',b), and the set of parameters are given by (67),
ie,(k=b—s—-1)

g~ r DEy(b—a —n)Ty(b— —n)T4(20+ a —
ag,ﬁ (t,al,b/)q:(—l)b_s_n_l~q(n+ ) q(~ a TLE l]( a+ﬂ 77;) q( +a n) ﬂz‘ﬁ(s,a,b)l,
Fo(s —a+1DLy(b—s)Iy(s—a+ B+ 1)T(b+a+s+1)
(69)
where
?:b—a—1—n+a—;ﬁ, a’:a;ﬁ7 b/:b—a+a;ﬁa o =200, B=4
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5.5. Connection between the Two Families of ¢-Racah Polynomials u’(s,a,b), and
626(57 a, b)‘l

If we change n — b —a —n —1 and t — t in (68), it becomes

r(s+a—ﬁ+ T, (n+1)f (b—a—n)f (a+n+1) o oo
Fq(s—a—i—l) (b—s) (b+a—s) Jb+a—pB—n) banl( b)g- (70)

Comparing this with (64) we deduce that

us/%’( ' b/) =

a(;ﬁa n— I(S’a” b)q = (_1)Sia+n

(71)

XFq(s—a+ﬂ+1) b+ a— s)T (b+a+s+1) glb+a—p—n)

up’(s,a,b)q.-
Tys+a—B+ DT (a+n+Dy(n+ 8+ 1)T(b+a+a+n+1)

The same formula is obtained when we use (66) and (69).

6. Connection with the su(2) and su,(2) Algebras

Here we discuss the connection of the Hahn and Racah polynomials with the su(2) and su4(2) algebras.
A more detailed discussion can be found in [19,20,22] and references therein.

6.1. Clebsch—Gordan Coefficients for the su(2) Algebra and Hahn Polynomials

It is well known [see, e.g., [8] (§5.2.2)] that the Hahn polynomials h%” (s, N) are related to the Clebsch—
Gordan coefficients (CGC) (jimqjame|jm) of the su(2) algebra by the formula

(1P Gumagomaljm) = |25 (s, ), (72)

n

where n=j—m, s=jo—mo, N=j1+jo—m+1, a=m-m/, B=m+m/, m" =j; —jo, and p
and d? are the weight function and the norm of the Hahn polynomials, respectively. Notice that, using
the symmetry properties for the CCG, we can consider, without loss of generality, m — m’ > 0 and
m+m' >0, ie, m—j;+j2>0and m+j; —jo >0, and m > |j; — ja.

For finding the connection between the alternative Hahn polynomials ﬁ%ﬂ (s, N) and the CGC, we
can use the connection between these two families (29) and substitute it in the last formula. This yields

(—1P473 Gy joma jm) = 2L RSP (s, V), (73)
N-—-n—1

Wherg n:j_m) S:jQ_m27 N:jl+]2_m+]—7 a:m—m’, ﬁ:m+m/) m,:jl_j27 andﬁ
and d? are the weight function and the norm of the alternative Hahn polynomials, respectively.
To establish the connection of the CGC with the dual Hahn polynomials w,(f) (t) we can use, e.g.,

(22). This leads to

p() (2t +1) (o)

d2 wk; (ta CL, b)> (74)
k

(—1)119273 (jmy jama|jm) =

43



Journal of Russian Laser Research Volume 28, Number 21, 2007

where ¢ =j1 —jo2, k=jo—mo, t=73, a=m,and b= j; + jo+ 1 [compare it with [8](Eq. (5.2.14),
p. 246)] and p and di are the weight function and the norm of the dual Hahn polynomials.

Now, using the connection between the alternative Hahn polynomials and the dual Hahn polynomials
[see (26) or (28)], we find another expression connecting CGC and dual Hahn polynomials

p(t)(2t + 1)

) (ta.b), (75)
k

(jimijama|jm) =
where now c=j1 —jo, k=7j1 —mi1, t=7j,a=m,and b= j; + jo + 1.

6.2. 6j-Symbols for the su(2) Algebra and Racah Polynomials

In [8] the formula

it . J1 J2 Ji2 s
(_1)J1+]+j23 V 2]12 +1 { . . . } = pCEQ)ugﬁ(Sa a, b) (76)
J3 7 J23 n

connecting the 6j-symbols for the su(2) algebra and Racah polynomials was proved, where p(s) and d,,
are the weight function and the norm of the Racah polynomials; n = jio —j1+7j2, © = s(s+1), s = jo3,
a=j3—J2, b=ga+y3+1, a=j1—j2—7J3+j,and B =71 —jo+j3— j. Here it was supposed that
J1—J2 > iz —jland j3 —j2 < |j1 —jl.

Using the connection between the Racah polynomials u,O{ﬂ (s,a,b) and the alternative Racah polyno-
mials 437 (s, a,b) (41), we find another connection formula

(—1)j12+j3+j\/m{ S gz g }: pg)ﬂ%ﬁ(s,a,b), (77)

J3 J J23 2

where j(s) and d,, are the weight function and the norm of the alternative Racah polynomials ug? (s,a,b)
but now n = j; + jo — j12. The other parameters s, a, b, o, and § are defined as before.

Finally, let us mention that the duality relation for the Racah polynomials is equivalent to the
symmetry property of the 6j-symbols

AR B R &
J3 J J23 Ju ) J12

6.3. Clebsch—Gordan Coefficients for the su,(2) Algebra and Hahn Polynomials

Following [21] we state that the relation between the CGC of the su4(2) algebra and the ¢-Hahn
polynomials he” (s, N q) is

(G gamalm), -+ = (—1)”*5\/ AR = L2 s, i), (79)

where s =ji—mi, N=ji+jo—m+1, a=m+ji—js, f=m—ji+j2, n=j—m,and pand d?
are the weight function and the norm of the ¢-Hahn polynomials.
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If we now use the identity [see, e.g., [13] (Eq. (8.198), p. 314)]
(—1)ngmTFNIpB(N — s —1,N,q71) = h3®(s, N, q), (80)

we obtain an alternative setting

(s damalm), = <—1>N“\/ e e ] (s1)

where now s=jo—mo, N=j1+jo—m+1, a=m—j1+7j2, B=m+7J1—jo,and n=75—m.
For the ¢-dual Hahn polynomials, we have [14]

(—1)P 4523 G ol jm) = \/ PR =12 3o 5), 0,00, 5

where [j1 —jo| <m, n=jo—mo, s=3j, a=m, c=7j1 —jo, b=7j1+jo+ 1, and p and d? are the
weight function and the norm of the g-dual Hahn polynomials.
Now using the relation between the g-dual Hahn polynomials (57), we find another equivalent relation

(jrmjomaljm) = \/ A ale)., (53)

where n, s, a, b, and ¢ have the same values as before.

6.4. 6j-Symbols for the su,(2) Algebra and ¢-Racah Polynomials

Now for the g-case, the relation between the g-analog of 6j-symbols and the g-Racah polynomials
uSP (s, a, b), is given as follows:

(—1)j1+j+j23\/2j12+1{ o 312} = péj)ugﬁ(s,a,b)q, (84)
q

j3 ] j23 n

where p(s) and d,, are the weight function and the norm of the g-Racah polynomials ul? (s,a,b)q and
n = jigy — j1 +ja, x(s) = [sl[s + 1], s=ja3, a =j3—jo, b=j2+j3+1, a=j1—ja—js+j, and
B = ji1—jo+ js—J, and it is supposed that j; — jo > |js — j| and j3 — j2 < |j1 — j|.

If we use the connection between the Racah polynomials u%ﬁ (s,a,b)q and the alternative Racah
polynomials 5" (s,a,b)q (71), we find another formula

(—1)F2tssts 2j12+1{ g m} = pg)ﬁﬁﬁ(s,a,b)q, (85)
q

Js J  Jes 2

where now p(s) and d,, are the weight function and the norm of the ¢g-Racah polynomials ad? (s,a,b)q
and n = j1 + j2 — ji12, while s,a,b,a and ( are as before. Moreover, the duality relation for the Racah
polynomials is equivalent to the symmetry property of the g—6j-symbols

AR Sl 5
]3]]23q Jl]]12q
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7. Conclusions

In this paper, we show that for any sequence of orthogonal polynomials (y,), with a weight function
supported on a finite set of points two sets of dual (to this family) polynomials (z;); can be obtained.
These pairs were obtained explicitly for the Hahn and Racah polynomials as well as for their corresponding
g-analogs, i.e., we have found explicitly the formulas connecting the dual set zj(t) with the starting family
of polynomials y,(s)

k() = Dinyn(s) - (87)

Moreover, if we substitute the inverse of the last expression
-1
Yn(5) = Dy, 2 (t)

into the difference equation (SODE) (1) that the polynomials y,, satisfy, we recover the three-term
recurrence relation (TTRR) (8). And vice versa, if we substitute it on the three-term recurrence relation
(8) for the polynomials y,,, we obtain the difference equation (1) for the dual ones z;. The same happens
when we start with the formula (87). The SODE for the dual polynomials z; becomes the TTRR for the
Yn, whereas the TTRR of the the dual polynomials zj, transforms into the SODE for the starting family
Yn-

In particular, using the obtained formulas connecting the different families discussed above, we can
extend the group-theoretical-representation interpretation of the Clebsch—Gordan coefficients and the
67-symbols as well as their g-analogs.

To conclude this paper, let us mention that all formulas connecting the different families of orthogonal
polynomials here, as well as the new expressions for the Clebsch—Gordan coefficients and the 6j-symbols,
can be obtained by using the Whipple’s transformation or Sear’s transformation for hypergeometric and
basic hypergeometric series. Our main aim here, however, is to show that it can be done using the
already classical theory of orthogonal polynomials of discrete variables developed in [7,8] in a completely
equivalent way.
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