© 1997 M. Alfaro et al. (Eds.) Proceedings of the International Workshop on Orthogonal Polynomials in Mathematical Physics. Leganés, 24-26 June, 1996.

SOME NEW MATRIX FORMULAS RELATED TO HERMITE MATRIX POLYNOMIALS THEORY

Lucas Jódar and Emilio Defez

Abstract

In this paper an integral representation for the Hermite matrix polynomials is given. By means of the exact computation of certain matrix integrals and the integral representation of Hermite matrix polynomials, a formula for the generating function of the product of Hermite matrix polynomials is obtained. Both the integral representation of the Hermite matrix polynomials and the formula for the generating function of the product of the Hermite matrix polynomials coincide in the scalar case with the well-known formulas for the classical Hermite polynomials.

1 Introduction

General orthogonal polynomials play an important role in approximation theory, numerical analysis and the analytic solutions of boundary problems for partial differential, see for example [2], [4], [13], [9]. The Hermite polynomials arise in the study of classical boundary value problems in parabolic regions, through the use of parabolic coordinates, or in quantum mechanics, see [9, chapter 6], [20], as well as in other application areas.

Orthogonal polynomials which have matrix coefficients appear in connection with representation theory, matrix expansion problems, prediction theory [1], [3], [11], [18] and in the reconstruction of matrix functions. Those orthogonal on the unit circle are considered in [22], and matrix polynomials orthogonal on the real line have been treated in [21] and [24], and, in the last years in [24], [15], [7], [8]. In [14], [16] and [17], Laguerre, Gegenbauer and Hermite matrix polynomials have been introduced.

If H_n(x) denotes the nth scalar Hermite polynomial, the formulas

H_n(x) =

2^n(−i)^ne^{x2} √ π ∫ +∞ −∞ e^{−t2+2ixt}t^ndt , n = 0, 1, 2, . . . , (1) and

W (x, y, t) = (1 − t^2)^{− 12} e

[2xyt�(x^2+y^2)t^2] (1�t^2) = ∑ n≥0 H_n(x)H_n(y) 2^nn! t^n , |t| < 1 , (2) play a fundamental role in the study of the convergence of the expansions in series of Hermite polynomials, as well as in the computation of the coefficients of such series, see [20, chapter 4].

In the study of matrix functions and series of Hermite matrix polynomials H_n(x, A), it turns out that an integral representation of H_n(x, A), as well as the exact evaluation of the matrix series 93

∑ n≥0 H_n(x, A)H_n(y, A) 2^nn! t^n , are necessary. This motivates the search for matrix analogues of formulas (1)-(2), and it constitutes the aim of this paper whose organization is as follows. In section 2 we obtain an integral representation of exp ( −^{Ax2}_2 ) for matrices in C^{r×r} whose eigenvalues lie in the right-half plane, and this is used to give an integral representation of the Hermite matrix polynomials. In section 3 parametric matrix integrals of the type ∫ +∞ −∞ exp (Bxt) exp ( − Ax^2 2 ) dx are calculated in a closed form. Finally, in section 4, a matrix formula for the generating function of the product of Hermite matrix polynomials is established.

Throughout this paper the set of all the eigenvalues of a matrix D in C^{r×r} will be denoted by σ(D), and ‖D‖ will denote the 2-norm of D, defined by ‖D‖ = sup_{x≠0} ‖Dx‖_2 ‖x‖_2 , where, for a vector y in C^r, ‖y‖_2 denotes the usual euclidean norm of y. If D belongs to C^{r×r} and α(D) = max {Rez ; z ∈ σ(D)}, then by [12, p.556], ‖e^{xD}‖ ≤ e^{xα(D)} r−1∑ k=0 (‖D‖x √ r)^k k! , x ≥ 0 . (3)

In what follows, the word integrable means integrable in the Lebesgue sense.

2 Integral representation of the Hermite matrix polynomials.

The following result is the starting point of the paper.

Theorem 2.1 Let A be a matrix in C^{r×r} satisfying the condition Re z > 0 for every z ∈ σ(A) . (4) Then it follows that

exp ( − Ax^2 2 ) = 2 ( 2A^{−1} π ) 1_2 ∫ ∞ 0 exp ( −2v^2A^{−1} ) cos 2vxdv , −∞ < x < +∞ . (5) Proof. Let us consider the parametric matrix integral J(x) = ∫ ∞ 0 exp ( −2A^{−1}v^2 ) cos 2vxdv , −∞ < x < ∞ , (6) and note that if z = x + iy, 1 z = z̄ |z|^2 and thus Re ( 1 z ) = Re (z) |z|^2 . (7)

By the spectral mapping theorem [6, p.569], and (4) and (7), it follows that

Reω > 0 for every ω ∈ σ(A^{−1}) . (8) From the inequalities (3) and (8), the absolute convergence of J(x) defined by (6) for any real number x, as well as the uniform convergence of the integral ∫ ∞ 0 v exp ( −2A^{−1}v^2 ) sin 2vxdv , in every neighbourhood of x. By the Leibnitz theorem for the differentiation of matrix integrals, [5, p.174], [23], and integrating by parts, it follows that J^′(x) = −xAJ(x) + A 2 [ exp ( −2A^{−1}v^2 ) sin 2xv ]v=∞ v=0 . Now, again by (3), one gets [ exp ( −2A^{−1}v^2 ) sin 2xv ]v=∞ v=0 = 0 , and J^′(x) = −xAJ(x) . Taking x = 0 in (6), and using the expression (4.8) of [17],

J(0) = ∫ ∞ 0 exp ( −2A^{−1}v^2 ) dv = (πA)^{12} 2 √ 2 . Thus J(x) is a solution of the initial value problem

J^′(x) = −xAJ(x) ; J(0) = 1 2 ( πA 2 ) 1_2 , −∞ < x < +∞ . (9) Since D(x) = xA satisfies the condition D(x_1)D(x_2) = D(x_2)D(x_1) , by [19, p.600], the solution of (9) is

J(x) = exp ( − ∫ x 0 sAds ) J(0) = exp ( − Ax^2 2 ) 1 2 ( πA 2 ) 1_2 . (10)

This proves the equality (5). 2 Under the hypothesis (4), by the Leibnitz rule for the differentiation of parametric matrix integrals [5, p.174], and [23], one gets d^{2n} dx^{2n} J(x) = (−1)^n2^{2n−1} ∫ +∞ −∞ exp ( −2A^{−1}v^2 ) v^{2n} e^{2ixv}dv . (11) Using Rodrigues’s formula for the Hermite matrix polynomials [17], it follows that

H_{2n}(x, A) = exp ( Ax^2 2 ) ( A 2 )−n [ d^{2n} dx^{2n} ( exp ( − Ax^2 2 ))] . (12)

By (5) and (12) and the fact ∫ +∞ −∞ exp ( −2A^{−1}v^2 ) v^{2n} sin 2vxdv = 0 ,

it follows that

H_{2n}(x, A) = 2 ( 2A^{−1} π ) 1_2 exp ( Ax^2 2 ) ( A 2 )−n (−1)^n2^{2n−1} ∫ +∞ −∞ exp ( −2A^{−1}v^2 ) v^{2n}e^{2ivx}dv

= 1 √ π exp ( Ax^2 2 ) ( A 2 )−(n+ 1_2 ) (−1)^n2^{2n} ∫ +∞ −∞ exp ( −2A^{−1}v^2 ) v^{2n}e^{2ivx}dv

= exp ( Ax^2 2 ) √ π ( A 2 )−(n+ 1_2 ) (−i)^{2n}2^{2n} ∫ +∞ −∞ exp ( −2v^2A^{−1} + 2vixI ) v^{2n}dv . (13)

Similarly, for odd indices we have

d^{2n+1} dx^{2n+1} J(x) = (−1)^{n+1}

2^{2n} i ∫ +∞ −∞ exp ( −2A^{−1}v^2 ) v^{2n+1} e^{2ixv}dv . (14)

By the Rodrigues formula for the Hermite matrix polynomials [17],

H_{2n+1}(x, A) = − exp ( Ax^2 2 ) ( A 2 )−(n+ 1_2 ) [ d^{2n+1} dx^{2n+1} ( exp ( − Ax^2 2 ))] , (15)

so from (5), (14) and (15) and the fact that (−i)^{2n+1} = i(−1)^{n+1},

H_{2n+1}(x, A) = ( A 2 )−(n+1) (−2i)^{2n+1} √ π exp ( Ax^2 2 ) ∫ +∞ −∞ exp ( −2v^2A^{−1} + 2ixvI ) v^{2n+1}dv . (16)

Note that formulas (13) and (16) can be written as a single formula

H_n(x, A) = ( A 2 )−( n+1_2 ) 2n(−i)n exp ( Ax^2 2 ) √ π ∫ +∞ −∞ exp ( −2v^2A^{−1} + 2ivxI ) v^ndv . (17) Summarizing, the following integral representation for the Hermite matrix polynomials has been proved:

Theorem 2.2 Let A be a matrix in C^{r×r} satisfying condition (4) and let H_n(x, A) be the nth Hermite matrix polynomial. Then the integral representation (17) holds for all n ≥ 0 and −∞ < x < +∞. REMARK 1: For the case r = 1, and A = 2, expression (17) coincides with formula (1).

3 On the exact computation of certain matrix integrals.

Let us consider the matrix integral Y = ∫ +∞ −∞ exp (Bx) exp ( − Ax^2 2 ) dx , (18) where A and B are matrices in C^{r×r} and A satisfies the condition (4). To compute Y, we will use the parametric matrix integral

Y (t) = ∫ +∞ −∞ exp (Bxt) exp ( − Ax^2 2 ) dx , −∞ < t < +∞ , (19) which, under the condition (4), by (3), is pointwise convergent for any real number t. As well, the matrix integral

Y_0 = ∫ +∞ −∞ d dt ( exp (Bxt) exp ( − Ax^2 2 )) dx , may be written in the form

Y_0 = ∫ +∞ −∞ Bx exp (Bxt) exp ( − Ax^2 2 ) dx . (20)

Furthermore, from the inequality (3) applied to both exp (Bxt) and exp ( −^{Ax2}_2 ) , the parametric matrix integral (20) is uniformly convergent in every neighbourhood of t lying in the real line. Thus, by the Leibnitz theorem for differentiation of matrix integrals [5, p.174], and taking into account that A commutes with exp ( −^{Ax2}_2 ) , it follows that

Y^′(t) = −B ∫ +∞ −∞ exp (Bxt)) { −Ax exp ( − Ax^2 2 )} dxA^{−1} . (21)

From application of integration by parts in (21), one gets

Y^′(t) = −B [ exp (Bxt) exp ( − Ax^2 2 )]+∞ x=−∞ − Bt ∫ +∞ −∞ exp (Bxt) exp ( − Ax^2 2 ) dx A −1 . (22) Under the condition (4), from (3) it follows

lim x→±∞ exp (Bxt) exp ( − Ax^2 2 ) = 0 , −∞ < t < +∞ , (23) and by (22) and (23),

Y^′(t) = B^2tY (t)A^{−1} , −∞ < t < +∞ . (24)

Note that taking t = 0 in (19) and by the expression (4.8) of [17], we have

Y (0) = ∫ +∞ −∞ exp ( − Ax^2 2 ) dx = ( 2πA^{−1} ) 1_2

. (25)

From the previous comments it is easy to establish the following result:

Theorem 3.1 Let A and B be commuting matrices in C^{r×r} for which A satisfies the condition (4). Then, the matrix integral (19) may be written

Y (t) = ∫ +∞ −∞ exp (Bxt) exp ( − Ax^2 2 ) dx = ( 2πA^{−1} ) 1_2 exp ( t^2B^2A^{−1} 2 ) .

4 On the generating function of products of Hermite matrix polynomials.

In this section we extend formula (2) to the matrix framework, using the integral representation of the Hermite matrix polynomials obtained in section 2. According to (17), for |t| < 1 we have ∑ n≥0 H_n(x, A)H_n(y, A) 2^n n! t^n

= ( A 2 )−1 exp(_{A2} (x_2+y_2)) π ∑ n≥0 (−4tA�^1)^n n! × ∫ +∞ −∞ ∫ +∞ −∞ exp ( −2A^{−1}(u^2 + v^2) ) exp (2iI(ux + vy)) (uv)^ndudv . (26) Note that by the inequality (3), for each positive integer n, the matrix function

Φ_n(u, v) = n∑ h=0 ( −4tuvA^{−1} )h h! exp ( −2A^{−1}(u^2 + v^2) + 2Ii(ux + vy) ) (27)

is integrable in R^2. If we denote by Φ(u, v) the non-negative function defined by

Φ(u, v) = exp ( 4|u||v|‖A^{−1}‖ − 2α(A^{−1})(|u|^2 + |v|^2) ) r−1∑ k=0 [ 2 √ r(|u|^2 + |v|^2)‖A^{−1}‖ ]k k! , (28)

for (u, v) ∈ R^2, then by (3), (27) and (28), it follows that ‖Φ_n(u, v)‖ ≤ Φ(u, v) , (u, v) ∈ R^2 , n ≥ 0 . From (8), it is clear that α(A^{−1}) > 0 and Φ(u, v) is integrable in R^2. By the dominated convergence theorem [9, p.83], we can change the order of summation and integration in (26), obtaining ∑ n≥0 H_n(x, A)H_n(y, A) 2^n n!

t^n = ( A 2 )−1 exp ( A 2 (x^2 + y^2) ) π × ∫ +∞ −∞ ∫ +∞ −∞ exp ( −2A^{−1}(u^2 + v^2) ) exp (2iI(ux + vy)) exp ( −4tuvA^{−1} ) dudv . (29) Using the Fubini-Tonelli theorem [10, p.65] we can write ∫ +∞ −∞ ∫ +∞ −∞ exp ( −2A^{−1}(u^2 + v^2) ) exp (2iI(ux + vy)) exp ( −4tuvA^{−1} ) dudv

= ∫ +∞ −∞ exp ( −2A^{−1}v^2 + 2ivyI) ) {∫ +∞ −∞ exp ( −2A^{−1}u^2 + 2u ( ixI − 2tA^{−1}v )) du } dv . (30) Let us consider the matrix integral L = ∫ +∞ −∞ exp ( −2A^{−1}u^2 + 2u ( ixI − 2tA^{−1}v )) du ; (31)

after the change of variable ω = 2u, this can be written in the form

L = L(1) = 1 2 ∫ +∞ −∞ exp (B_0ω) exp ( − ω^2 2 A^{−1} ) dω , (32) where

B_0 = ixI − 2tA^{−1}v (33) Since B_0 commutes with A^{−1}, and under the hypothesis (4) its eigenvalues satisfy (8). By (32) and (33), where A^{−1} plays the role of A, and t is replaced by 1, it follows that L = ( πA 2 ) 1_2 exp ( − Ax^2 2 ) exp ( 2t^2v^2A^{−1} − 2txviI ) . (34)

By (34) and (30), ∫ +∞ −∞ ∫ +∞ −∞ exp ( −2A^{−1}(u^2 + v^2) ) exp (2ix(u + v)I) exp ( −4tuvA^{−1} ) dudv

= ( πA 2 ) 1_2 exp ( −x^2A 2 ) ∫ +∞ −∞ exp ( −2v^2A^{−1}(1 − t^2) + 2vi(y − tx) ) dv . (35) Let us consider now the matrix integral S = ∫ +∞ −∞ exp ( −2v^2A^{−1}(1 − t^2) + 2vi(y − xt)I ) dv . (36) Under the change of variable ω = 2v √ 1 − t^2 in (36),

S = 1 2 √ 1 − t^2 ∫ +∞ −∞ exp (B_1ω(y − xt)) exp ( − ω^2A^{−1} 2 ) dω , (37) where

B_1 = iI √ 1 − t^2

. (38)

By (37) and (38), where A^{−1} plays the role of A, and y − xt replaces t, it follows that S = (2πA)^{12} 2 √ 1 − t^2 exp ( (y − xt)^2B^2_1 A 2 ) = ( πA 2(1 − t^2)

) 1_2 exp ( −A(y − xt)^2 2(1 − t^2) ) . (39)

Consequently, by (35), (37) and (39), ∫ +∞ −∞ ∫ +∞ −∞ exp ( −2A^{−1}(u^2 + v^2) ) exp (2iI(ux + vy)) exp ( −4tuvA^{−1} ) dudv

= πA 2 √ 1 − t^2 exp ( − Ax^2 2 ) exp ( − A(y^2 + x^2t^2 − 2yxt) 2(1 − t^2) ) . (40)

Hence, from (29) and (40) ∑ n≥0 H_n(x, A)H_n(y, A) 2^n n!

t^n = (1 − t^2)^{− 12} exp A [ xyt −^1_2 (x^2 + y^2)t^2 ] (1 − t^2) . Thus, the following result has been established:

Theorem 4.1 Let A be a matrix in C^{r×r} satisfying the condition (4), and let H_n(x, A) be the nth Hermite matrix polynomial. Then, for any real value of t, with |t| < 1, and for any real values of x and y,

W (x, y, t, A) = (1 − t^2)^{− 12} exp ( A 2 [ 2xyt − (x^2 + y^2)t^2 ] (1 − t^2) )

= ∑ n≥0 H_n(x, A)H_n(y, A) 2^n n! t^n , |t| < 1 . (41)

REMARK 2: For the case r = 1, and taking A = 2, the formula (41) coincides with (2).

ACKNOWLEDGEMENTS: This paper has been supported by the Spanish D.G.I.C.Y.T grant PB93-381 and the Generalitat Valenciana grant GV-C-CN-10-057-96.

References

[1] S. Basu and N.K. Bose: Matrix Stieltjes Series and Network Models. SIAM J. Math. Anal.

14. (1983). 209-222.

[2] P.J. Davis: Interpolation and Approximation. (Dover, New York, 1975).

[3] Ph. Delsarte, Y. Genin and Y. Kamp: Orthogonal polynomial matrices on the unit circle in IEEE Trans. Circuits and Systems, 25, (1978), 145-160.

[4] L.M. Delves and J.L. Mohamed: Computational Methods for Integral Equations.

(Cambridge Univ. Press, Cambridge, 1985).

[5] J. Dieudonné: Foundations of Modern Analysis. (Academic Press, New York, 1960).

[6] N. Dunford and J. Schwartz: Linear Operators, Vol I. (Interscience, New York, 1957).

[7] A.J. Durán and W. Van Assche: Orthogonal matrix polynomials and higher order recurrence relations. Linear Algebra and Appl. 219. (1995). 261-280.

[8] A.J. Durán and P. López-Rodríguez: Orthogonal matrix polynomials: zeros and Blumenthal’s theorem. J. of Approx. Theory. 84. (1996). 96-118.

[9] G.B. Folland: Fourier Analysis and its Applications. (Wadsworth & Brooks, Pacific Grove, California, 1992).

[10] G.B. Folland: Real Analysis. Modern techniques and Their Applications. (John- Wiley, New York, 1984).

[11] J.S Geronimo: Matrix orthogonal polynomials in the unit circle. J. Math. Phys, 22(7).

(1981). 1359-1365.

[12] G. Golub and C.F. Van Loan: Matrix Computations, 2nd Ed. (Johns Hopkins Univ.

Press,Baltimore, 1989).

[13] G.H. Hammerlin and K.F. Hoffman: Numerical Mathematics. (Springer Verlag, New York, 1991).

[14] L. Jódar, R.Company, E. Navarro: Laguerre matrix polynomials and systems of second order differential equations. Appl. Numer. Maths. 15, No 1. (1994). 53-64.

[15] L. Jódar, E. Defez, E. Ponsoda: Matrix quadrature integration and orthogonal matrix polynomials. Congressus Numerantium. 106. (1995). 141-153.

[16] L. Jódar, R.Company, E. Ponsoda: Orthogonal matrix polynomials and systems of second order differential equations. Differential Equations and Dynamical Systems. 3 No 3. (1995). 269-288.

[17] L.Jódar and R Company: Hermite matrix polynomials and second order matrix differential equations. J.Approx. Theory and Appl. 12 No 1. (1996). To appear.

[18] D.C. Joula and N. Karanjian: Bauer type factorization of positive matrices and theory of matrix polynomials on the unit circle in IEEE Trans. Circuit and Systems, 25, (1978), 57-69.

[19] T. Kailath: Linear Systems. (Prentice-Hall, Inc, Englewood Cliffs, New York, 1980).

[20] N.N.Lebedev: Special Functions and Their Applications. (Dover, New York, 1972).

[21] F. Marcellán and G. Sansigre: On a class of matrix orthogonal polynomials on the real line.

Linear Algebra and Appl. 181. (1993). 97-109.

[22] L. Rodman: Orthogonal Matrix Polynomials. in Orthogonal Polynomials: Theory and Practice, (P. Nevai Ed.), (Kluwer Acad. Publ., Dordrecht, 1990), 345-362.

[23] R.F. Rinehart: The derivative of a matrix function. Proc. Amer. Math. Soc. 7. (1956).

2-5.

[24] A. Sinap and W. Van Assche: Polynomial interpolation and Gaussian quadrature for matrixvalued functions. Linear Algebra and Appl. 207. (1994). 71-114.

Lucas Jódar and Emilio Defez Departamento de Matemática Aplicada. Universidad Politécnica de Valencia. P.O.BOX 22.012. Valencia, Spain.

E-mail:ljodar@upvnet.upv.es
E-mail:edefez@mat.upv.es

102 Proceedings of the IWOP’96